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Dirac’s Amazing  Idea: 
The Front Form

Fig. 1. Dirac’s three forms of Hamiltonian dynamics.

2.4. Forms of Hamiltonian dynamics

Obviously, one has many possibilities to parametrize space—time by introducing some general-
ized coordinates xJ (x). But one should exclude all those which are accessible by a Lorentz
transformation. Those are included anyway in a covariant formalism. This limits considerably the
freedom and excludes, for example, almost all rotation angles. Following Dirac [123] there are no
more than three basically different parametrizations. They are illustrated in Fig. 1, and cannot be
mapped on each other by a Lorentz transform. They differ by the hypersphere on which the fields
are initialized, and correspondingly one has different “times”. Each of these space—time parametriz-
ations has thus its own Hamiltonian, and correspondingly Dirac [123] speaks of the three forms of
Hamiltonian dynamics: The instant form is the familiar one, with its hypersphere given by t"0. In
the front form the hypersphere is a tangent plane to the light cone. In the point form the time-like
coordinate is identified with the eigentime of a physical system and the hypersphere has a shape of
a hyperboloid.

Which of the three forms should be prefered? The question is difficult to answer, in fact it is
ill-posed. In principle, all three forms should yield the same physical results, since physics should
not depend on how one parametrizes the space (and the time). If it depends on it, one has made
a mistake. But usually one adjusts parametrization to the nature of the physical problem to
simplify the amount of practical work. Since one knows so little on the typical solutions of a field
theory, it might well be worth the effort to admit also other than the conventional “instant” form.

The bulk of research on field theory implicitly uses the instant form, which we do not even
attempt to summarize. Although it is the conventional choice for quantizing field theory, it has
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Instant Form Front Form 
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⇥QCD
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� = 3 + L: conformal dimension of meson

P+ = P0 + Pz

Fixed ⇥ = t + z/c

� = ct� z

z0 = 1
⇥QCD

z�

� = 3 + L: conformal dimension of meson

P+ = P0 + Pz

Fixed ⇥ = t + z/c

� = ct� z

Evolve in 
light-front time!

Evolve in 
ordinary time

P.A.M Dirac, Rev. Mod. Phys. 21, 392 (1949)
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at same LF time
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Eigenstate -- independent of �

Evolve in LF time
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Measurements 
never at fixed time t



 

III. Light Front Dynamics

• Different possibilities to parametrize space-time [Dirac (1949)]

• Parametrizations differ by the hypersurface on which the initial conditions are specified. Each evolve

with different “times” and has its own Hamiltonian, but should give the same physical results

• Instant form: hypersurface defined by t = 0, the familiar one

• Front form: hypersurface is tangent to the light cone at � = t + z/c = 0

x+ = x0 + x3 light-front time

x� = x0 � x3 longitudinal space variable

k+ = k0 + k3 longitudinal momentum (k+ > 0)

k� = k0 � k3 light-front energy

k · x = 1
2 (k+x� + k�x+)� k⇥ · x⇥

On shell relation k2 = m2 leads to dispersion relation k� = k2
�+m2

k+
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Instant Form vs. Front Form

States are eigenstates of invariant mass

Causal!
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"Working with a !ont is a process that is unfamiliar to physicists. 

But sti" I feel that the mathematical simplification that it introduces is a"-
important. 

I consider the method to be promising and have recently been making an extensive 
study of it. 

It offers new opportunities, while the familiar instant form seems to be played out " - 
P.A.M. Dirac (1977) 



 

Light-Front QCD

Eigenvalues and Eigensolutions give Hadronic 
Spectrum and Light-Front wavefunctions

HQCD
LF |�h >= M2

h|�h >

HQCD
LF =

�

i

[
m2 + k2

�
x

]i + Hint
LF

Fig. 6. A few selected matrix elements of the QCD front form Hamiltonian H"P
!

in LB-convention.

10. For the instantaneous fermion lines use the factor ¼
"

in Fig. 5 or Fig. 6, or the corresponding
tables in Section 4. For the instantaneous boson lines use the factor ¼

#
.

The light-cone Fock state representation can thus be used advantageously in perturbation
theory. The sum over intermediate Fock states is equivalent to summing all x!-ordered diagrams
and integrating over the transverse momentum and light-cone fractions x. Because of the restric-
tion to positive x, diagrams corresponding to vacuum fluctuations or those containing backward-
moving lines are eliminated.

3.4. Example 1: ¹he qqN -scattering amplitude

The simplest application of the above rules is the calculation of the electron—muon scattering
amplitude to lowest non-trivial order. But the quark—antiquark scattering is only marginally more
difficult. We thus imagine an initial (q, qN )-pair with different flavors fOfM to be scattered off each
other by exchanging a gluon.

Let us treat this problem as a pedagogical example to demonstrate the rules. Rule 1: There are
two time-ordered diagrams associated with this process. In the first one the gluon is emitted by the
quark and absorbed by the antiquark, and in the second it is emitted by the antiquark and
absorbed by the quark. For the first diagram, we assign the momenta required in rule 2 by giving
explicitly the initial and final Fock states

!q, qN "" 1
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LQCD � HQCD
LF

Hint
LF : Matrix in Fock Space

Physical gauge: A+ = 0

Exact frame-independent formulation of 
nonperturbative QCD!

Hint
LF7

LFWFs: Off-shell in P- and invariant mass

|p, Sz >=
X

n=3

 n(xi,
~

k?i,�i)|n;xi,
~

k?i,�i >



 

In terms of the hadron four-momentum P =
(P+, P�, ⌦P⇤) with P± = P0 ± P3, the light-
front frame independent Hamiltonian for a
hadronic composite system HQCD

LC = PµPµ =
P�P+� ⌦P2

⇤, has eigenvalues given in terms of
the eigenmass M squared corresponding to
the mass spectrum of the color-singlet states
in QCD,

HQCD
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Fig. 2. The Hamiltonian matrix for a SU(N)-meson. The matrix elements are represented by energy diagrams. Within
each block they are all of the same type: either vertex, fork or seagull diagrams. Zero matrices are denoted by a dot ( ) ).
The single gluon is absent since it cannot be color neutral.

mass or momentum scale Q. The corresponding wavefunction will be indicated by corresponding
upper scripts,

!!""
!#"

(x
#
, k

!
, !

#
) or !!$"

!#"
(x

#
, k

!
, !

#
) . (3.15)

Consider a pion in QCD with momentum P"(P%, P
!
) as an example. It is described by

"# : P$" $
!
!%&
!d[%

!
]"n : x

#
P%, k

!#
#x

#
P
!
, !

#
$!

!#!(x#
, k

!#
, !

#
) , (3.16)

where the sum is over all Fock space sectors of Eq. (3.7). The ability to specify wavefunctions
simultaneously in any frame is a special feature of light-cone quantization. The light-cone
wavefunctions !

!#! do not depend on the total momentum, since x
#
is the longitudinal momentum

fraction carried by the i"# parton and k
!#

is its momentum “transverse” to the direction of the
meson; both of these are frame-independent quantities. They are the probability amplitudes to find
a Fock state of bare particles in the physical pion.

More generally, consider a meson in SU(N). The kernel of the integral equation (3.14) is
illustrated in Fig. 2 in terms of the block matrix &n : x

#
, k

!#
, !

#
"H"n' : x'

#
, k'

!#
, !'

#
$. The structure of this

matrix depends of course on the way one has arranged the Fock space, see Eq. (3.7). Note that most
of the block matrix elements vanish due to the nature of the light-cone interaction as defined in
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Heisenberg Matrix 
Formulation

Light-Front QCD

Pauli, Hornbostel  & sjb

DLCQ
Discretized Light-Cone 

Quantization

Eigenvalues and Eigensolutions give Hadron Spectrum 
and Light-Front wavefunctions

e.g. solve QCD(1+1): arbitrary color, flavor, quark mass 8
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General remarks about orbital angular mo-
mentum
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Invariant under boosts!  Independent of Pμ 
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Light-Front Wavefunctions:  rigorous representation of 
composite systems in quantum field theory

x =
k+

P+
=

k0 + k3

P 0 + P 3

LFWFs: off invariant mass-shell, infinite # components
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moment vanishes [22]. The light-cone formalism also properly incorporatesWigner boosts.

Thus this model of composite systems can serve as a useful theoretical laboratory to

interrelate hadronic properties and check the consistency of formulae proposed for the

study of hadron substructure.

7. Spin and orbital angular momentum composition of light-cone wavefunctions

In general the light-cone wavefunctions satisfy conservation of the z projection of

angular momentum:

J z =
n∑

i=1
sz
i +

n−1∑

j=1
lzj . (62)

The sum over sz
i represents the contribution of the intrinsic spins of the n Fock state

constituents. The sum over orbital angular momenta lzj = −i
(
k1j

∂
∂k2j

− k2j
∂

∂k1j

)
derives from

the n−1 relative momenta. This excludes the contribution to the orbital angularmomentum
due to the motion of the center of mass, which is not an intrinsic property of the hadron.

We can see how the angular momentum sum rule Eq. (62) is satisfied for the

wavefunctions Eqs. (20) and (23) of the QED model system of two-particle Fock states.

In Table 1 we list the fermion constituent’s light-cone spin projection sz
f = 1

2
λf, the boson

constituent spin projection sz
b = λb, and the relative orbital angular momentum lz for each

contributing configuration of the QED model system wavefunction.

Table 1 is derived by calculating the matrix elements of the light-cone helicity operator

γ +γ 5 [29] and the relative orbital angular momentum operator−i
(
k1 ∂

∂k2
− k2 ∂

∂k1

)
[16,30,

31] in the light-cone representation. Each configuration satisfies the spin sum rule: J z =
sz
f + sz

b + lz.

For a better understanding of Table 1, we look at the non-relativistic and ultra-relativistic

limits. At the non-relativistic limit, the transversal motions of the constituent can be

neglected and we have only the | + 1
2
〉 → | − 1

2
+ 1〉 configuration which is the non-

relativistic quantum state for the spin-half system composed of a fermion and a spin-1

boson constituents. The fermion constituent has spin projection in the opposite direction

to the spin J z of the whole system. However, for ultra-relativistic binding in which the

transversal motions of the constituents are large compared to the fermion masses, the

Table 1

Spin decomposition of the J z = + 1
2
electron

Configuration Fermion spin sz
f

Boson spin sz
b

Orbital ang. mom. lz

∣∣+ 1
2

〉
→

∣∣+ 1
2

+ 1
〉

+ 1
2

+1 −1
∣∣+ 1

2

〉
→

∣∣− 1
2

+ 1
〉

− 1
2

+1 0
∣∣+ 1

2

〉
→

∣∣+ 1
2

− 1
〉

+ 1
2

−1 +1

Conserved in each
LF Fock state
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n-1 orbital angular 
momenta

Angular Momentum on the Light-Front

Nonzero Anomalous Moment -->Nonzero orbital angular momentum
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• Eigenfunctions of the exact QCD LF Hamiltonian

• Boost invariant!  Independent of  P+, P⫠

• Compute all observables intrinsic to hadron from LFWFs

• Form factors, structure functions, GPDs, transverse momentum distributions

• DGLAP and ERBL Evolution Built In

• No renormalization scale ambiguity:  “Principle of Maximal Conformality”

• LF Vacuum Trivial: In-Hadron Condensates -- Eliminate 1045 discrepancy with  
cosmological constant

• Pseudo-T-odd observables from Lensing

• Angular Momentum Sum Rule for each Fock state

Light-Front Wavefunctions

HQCD
LF |�h >= M2

h|�h >

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

|p, Sz >=
X

n=3

 n(xi,
~

k?i,�i)|n;xi,
~

k?i,�i >
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Non-Perturbative QCD: 
Diagonalize the LF Hamiltonian

• Frame-Independent

• No Fermion-Doubling 

• Minkowski not Euclidian space 

• Dynamical, positive-metric gluons

• No restriction on quark masses

• Complete spectrum

• Tested in color-confining low-dimension theories

• Simple Causal LF Vacuum

• Calculate observables from LFWFs
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x,
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k? x,
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0
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0
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k?i + (1� xi)~q?struck
~

k

0
?i = ~

k?i � xi~q?spectators

< p + q|j+(0)|p >= 2p+F (q2)

p + q

~q?q+ = 0

q2
? = Q2 = �q2

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Form Factors are 
Overlaps of LFWFs

Interaction 
picture

Drell, Yan; West
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For leptons, such as the electron or neutrino, it is convenient to employ the electron
mass for M , so that the magnetic moment is given in Bohr magnetons.

Now we turn to the evaluation of the helicity-conserving and helicity-flip vector-
current matrix elements in the light-front formalism. In the interaction picture, the
current Jµ(0) is represented as a bilinear product of free fields, so that it has an
elementary coupling to the constituent fields [13, 14, 15]. The Dirac form factor can
then be calculated from the expression

F1(q
2) =

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej

�
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 
, (10)

whereas the Pauli and electric dipole form factors are given by

F2(q2)

2M
=

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej
1

2
⇥ (11)

�
� 1

qL
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇤

a(xi,k⇧i, ⇥i) +
1

qR
⌅⇤�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 

,

F3(q2)

2M
=

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej
i

2
⇥ (12)

�
� 1

qL
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇤

a(xi,k⇧i, ⇥i)�
1

qR
⌅⇤�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 

.

The summations are over all contributing Fock states a and struck constituent charges
ej. Here, as earlier, we refrain from including the constituents’ color and flavor
dependence in the arguments of the light-front wave functions. The phase-space
integration is

⌥
[dx] [d2k⇧] ⇤

⇧

�i,ci,fi

⇤
n⌃

i=1

�⌥ ⌥ dxi d2k⇧i

2(2⇤)3

⇥⌅

16⇤3�

�

1�
n⇧

i=1

xi

⇥

�(2)

�
n⇧

i=1

k⇧i

⇥

, (13)

where n denotes the number of constituents in Fock state a and we sum over the
possible {⇥i}, {ci}, and {fi} in state a. The arguments of the final-state, light-front
wave function di�erentiate between the struck and spectator constituents; namely, we
have [13, 15]

k⌅
⇧j = k⇧j + (1� xj)q⇧ (14)

for the struck constituent j and
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Nonzero Proton Anomalous Moment -->
Nonzero orbital  quark angular momentum
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Exact LF Formula for Pauli Form Factor
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-

graviton

Anomalous gravitomagnetic moment  B(0)

B(0) = 0 Each Fock State

sum over constituents

15

Hwang, Schmidt, Ma, sjb 

Terayev, Okun,  et al:  B(0) Must vanish because of 
Equivalence Theorem! 
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GTMDs

GPDs

TMSDs
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position space
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Transverse
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Lorce

General remarks about orbital angular mo-
mentum
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16Sivers, T-odd from lensing
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Fig. 3. Light-cone time-ordered contributions to deeply virtual Compton scattering. Only the

contributions of leading power in 1/Q are illustrated. These contributions illustrate the factorization

property of the leading twist amplitude.

see Fig. 3. We specify the frame by choosing a convenient parametrization of the light-cone

coordinates for the initial and final proton:

P =
(

P+, !0⊥,
M2

P+

)
, (3)

P ′ =
(

(1− ζ )P+,− !∆⊥,
M2 + !∆2

⊥
(1− ζ )P+

)
, (4)

whereM is the proton mass. We use the component notation V = (V +, !V⊥,V −), and our

metric is specified by V ± = V 0±V z and V 2 = V +V − − !V 2
⊥. The four-momentum transfer

from the target is

∆ = P − P ′ =
(

ζP+, !∆⊥,
t + !∆2

⊥
ζP+

)
, (5)

where t = ∆2. In addition, overall energy–momentum conservation requires ∆− =
P− − P ′−, which connects !∆2

⊥, ζ , and t according to

t = 2P · ∆ = −ζ 2M2 + !∆2
⊥

1− ζ
. (6)

As in the case of space-like form factors, it is convenient to choose a frame where the

incident space-like photon carries q+ = 0 so that q2 = −Q2 = −!q 2⊥:
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Abstract

We give a complete representation of virtual Compton scattering γ ∗p → γp at large initial photon

virtuality Q2 and small momentum transfer squared t in terms of the light-cone wavefunctions of

the target proton. We verify the identities between the skewed parton distributions H(x, ζ, t) and

E(x, ζ, t) which appear in deeply virtual Compton scattering and the corresponding integrands of

the Dirac and Pauli form factors F1(t) and F2(t) and the gravitational form factors Aq(t) and Bq(t)

for each quark and anti-quark constituent. We illustrate the general formalism for the case of deeply

virtual Compton scattering on the quantum fluctuations of a fermion in quantum electrodynamics at

one loop.  2001 Elsevier Science B.V. All rights reserved.

PACS: 12.20.-m; 12.39.Ki; 13.40.Gp; 13.60.Fz

1. Introduction

Virtual Compton scattering γ ∗p → γp (see Fig. 1) has extraordinary sensitivity to

fundamental features of the proton’s structure. Particular interest has been raised by the

description of this process in the limit of large initial photon virtuality Q2 = −q2 [1–5].

Even though the final state photon is on-shell, one finds that the deeply virtual process

probes the elementary quark structure of the proton near the light-cone as an effective

local current, or in other words, that QCD factorization applies [3,6,7].

In contrast to deep inelastic scattering, which measures only the absorptive part of

the forward virtual Compton amplitude, ImTγ ∗p→γ ∗p , deeply virtual Compton scattering

✩Work partially supported by the Department of Energy, contract DE-AC03-76SF00515.
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1 Supported by the Feodor Lynen Program of the Alexander von Humboldt Foundation.

0550-3213/01/$ – see front matter  2001 Elsevier Science B.V. All rights reserved.
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 QCD at the Light Front  Stan Brodsky

Warsaw
 July  3, 2012

N-1N+1

N N

NN

Light-Front Wave Function Overlap Representation

See also: Diehl, Feldmann, Jakob, Kroll
DGLAP
region

DGLAP
region

ERBL
region
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encode all of the bound state quark and gluon properties of hadrons, including their

momentum, spin and flavor correlations, in the form of universal process- and frame-

independent amplitudes.

The deeply virtual Compton amplitude can be evaluated explicitly by starting from the

Fock state representation for both the incoming and outgoing proton, using the boost

properties of the light-cone wavefunctions, and evaluating the matrix elements of the

currents for a quark target. One can also directly evaluate the non-local current matrix

elements (16) in the same framework. In the following we will concentrate on the

generalized Compton form factors H and E. Formulae analogous to our results can be

obtained for H̃ and Ẽ.

For the n → n diagonal term (∆n = 0), the relevant current matrix element at quark

level is
∫
dy−

8π
eixP+y−/2

〈
1;x ′

1P
′+, $p′

⊥1,λ
′
1

∣∣ψ̄(0)γ +ψ(y)
∣∣1;x1P

+, $p⊥1,λ1
〉∣∣

y+=0,y⊥=0

=
√

x1x
′
1

√
1− ζδ(x − x1)δλ′

1λ1
, (38)

where for definiteness we have labeled the struck quark with the index i = 1. We thus

obtain formulae for the diagonal (parton-number-conserving) contributions to H and E in

the domain ζ ! x ! 1 [17]:
√
1− ζ

1− ζ
2

H(n→n)(x, ζ, t) − ζ 2

4
(
1− ζ

2

)√
1− ζ

E(n→n)(x, ζ, t)

=
(√
1− ζ

)2−n
∑

n,λi

∫ n∏

i=1

dxi d
2$k⊥i

16π3
16π3δ

(

1−
n∑

j=1
xj

)

δ(2)

(
n∑

j=1
$k⊥j

)

× δ(x − x1)ψ
↑∗
(n)

(
x ′
i ,

$k′
⊥i ,λi

)
ψ

↑
(n)

(
xi, $k⊥i ,λi

)
, (39)

1√
1− ζ

∆1 − i∆2

2M
E(n→n)(x, ζ, t)

= (√
1− ζ

)2−n
∑

n,λi

∫ n∏

i=1

dxi d
2$k⊥i

16π3
16π3δ

(

1−
n∑

j=1
xj

)

δ(2)

(
n∑

j=1
$k⊥j

)

× δ(x − x1)ψ
↑∗
(n)

(
x ′
i ,

$k′
⊥i ,λi

)
ψ

↓
(n)

(
xi, $k⊥i ,λi

)
, (40)

where the arguments of the final-state wavefunction are given by

x ′
1 = x1 − ζ

1− ζ
, $k′

⊥1 = $k⊥1 − 1− x1

1− ζ
$∆⊥ for the struck quark,

x ′
i = xi

1− ζ
, $k′

⊥i = $k⊥i + xi

1− ζ
$∆⊥ for the spectators i = 2, . . . , n.

(41)

One easily checks that
∑n

i=1 x ′
i = 1 and

∑n
i=1 $k′

⊥i = $0⊥. In Eqs. (39) and (40) one has to
sum over all possible combinations of helicities λi and over all parton numbers n in the

Fock states. We also imply a sum over all possible ways of numbering the partons in the

n-particle Fock state so that the struck quark has the index i = 1.
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Example of LFWF representation of 
GPDs  (n => n)

Diehl, Hwang, sjb
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Braun, Gardi

Lepage, sjb
Efremov, Radyushkin

Sachrajda, Frishman Lepage, sjb

�M (x,Q) =
� Q

d2�k ⇥qq̄(x,�k�)
P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

x

1� x

k2
� < Q2

�

i

xi = 1

Lepage, sjb

Hadron Distribution Amplitudes

• Fundamental gauge invariant non-perturbative input to hard 
exclusive processes, heavy hadron decays. Defined for 
Mesons, Baryons

• Evolution Equations from PQCD, OPE

• Conformal Invariance

• Compute from valence light-front wavefunction in light-
cone gauge

20
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T-OddPseudo-

11-2001 
8624A06

S

current 
quark jet

final state 
interaction

spectator 
system

proton

e– 

!*

e– 

quark

Single-spin 
asymmetries

Leading Twist 
Sivers Effect

~Sp ·~q⇥~pq

 Hwang,  
Schmidt, sjb

Light-Front Wavefunction  
S and P- Waves!

QCD S- and P-
Coulomb Phases

--Wilson Line

“Lensing Effect”

21

i

Collins, Burkardt, Ji, 
Yuan. Pasquini, ...

Leading-Twist 
Rescattering 
Violates pQCD 
Factorization!

Sign reversal in DY!

QED: 
Lensing 
involves 

soft scales



 

QCD and LF Hadron Wavefunctions

DVCS, GPDs. TMDs

B-decays 
Baryon Decay

Weak Interactions

Distribution amplitude
ERBL Evolution

Heavy Quark Fock States
Intrinsic Charm

Gluonic properties
DGLAP

Quark & Flavor Struct

Coordinate space 
representation

Quark & Flavor Structure

Baryon Excitations

General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R�+ b�i) =  R�

xi
 R�+ b�i

�n
i
 b�i =  0�

�n
i xi = 1

Initial and Final State 
Rescattering

DDIS, DDIS, T-Odd

Non-Universal Antishadowing

Nuclear Modifications
Baryon Anomaly

Color Transparency

Hard Exclusive Amplitudes
Form Factors

Counting Rules

�p(x1, x2, Q
2)

AdS/QCD
Light-Front Holography

LF Schrodinger Eqn.

LF Overlap, incl ERBL

J=0 Fixed Pole

Orbital Angular Momentum
Spin, Chiral Properties

Crewther Relation

Hadronization at 
Amplitude Level
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Burkardt, Schmidt, sjb



 

23

• Square of Target LFWFs                 Modified by Rescattering: ISI & FSI

• No Wilson Line                             Contains Wilson Line, Phases

• Probability Distributions                 No Probabilistic Interpretation

• Process-Independent                      Process-Dependent - From Collision

• T-even Observables                        T-Odd (Sivers, Boer-Mulders, etc.)

• No Shadowing,  Anti-Shadowing      Shadowing,  Anti-Shadowing, Saturation

• Sum Rules: Momentum and Jz               Sum Rules Not Proven

• DGLAP Evolution; mod. at large x   DGLAP Evolution

• No Diffractive DIS                         Hard Pomeron and Odderon Diffractive DIS

Static                           Dynamic

General remarks about orbital angular mo-
mentum

�n(xi,⇥k�i, �i)

�n
i=1(xi

⇥R�+⇥b�i) = ⇥R�

xi
⇥R�+⇥b�i

�n
i
⇥b�i = ⇥0�

�n
i xi = 1

2

11-2001 
8624A06

S

current 
quark jet

final state 
interaction

spectator 
system

proton

e– 

!*

e– 

quark

Mulders, Boer

Qiu, Sterman

 Pasquini, Xiao, 
Yuan, sjb

Collins, Qiu

Hwang, 
Schmidt, sjb,



 

The surviving LF time-ordered contributions to 
the Feynman vertex graph

Feynman

Time flows from left to right

Zero if  q+=0

Zero in LFPth

Zero in LFPth

Zero in LFPthZero in LFPthZero in LFPth

k+ = k0 + kz � 0
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zero for q+ = 0

25

Calculation of Form Factors in  Equal-Time Theory

Instant Form

Calculation of Form Factors in  Light-Front Theory

Front Form

Absent for q+ = 0 zero !!

Need vacuum-induced currents!

Complete Answer
No vacuum graphs
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Calculation of proton form factor in Instant Form 

• Need to boost proton  instant form wavefunction 
from p to p+q:  Extremely complicated dynamical 
problem; particle number changes

• Need to couple to all currents arising from vacuum!  

• Wavefunctions alone do not determine hadronic 
properties!  Not even pdfs!

• Each time-ordered contribution is frame-dependent

• None of these problems occur in the front form!

< p + q|Jµ(0)|p >

p + qp p + qp
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• Eigenfunctions of the exact QCD IF Hamiltonian

• Boosts of IFWFs dynamical, complicated

• Require vacuum-induced currents to compute observables!

• Form factors, structure functions, GPDs, transverse momentum 
distributions cannot be computed from IFWFs alone!

• No Angular Momentum Sum Rule

• Vacuum Complicated -- Need Normal Ordering

 Observables cannot be computed from Usual Instant Form Wavefunctions

|p, Sz >=
X

n=3

 n(~ki,�i)|n;~ki,�i >

Fixed t

HQCD
IF | h >= Eh| h >
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HQCD
LF |ψ >=M2|ψ >

Dirac’s Front Form: Fixed τ = t+ z/c

Light-Front Wavefunctions

xi =
k+
i

P+

0 < xi < 1

n�

i=1
xi = 1Remarkable new insights from AdS/CFT,              

the duality between conformal field theory       
and Anti-de Sitter Space 

Invariant under boosts.   Independent of Pμ

28

Direct connection to QCD Lagrangian

 n(xi,
~

k?i,�i)
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Light-Front Holography and Non-Perturbative QCD

Exploring QCD, Cambridge, August 20-24, 2007 Page 9

Goal:   
Use AdS/QCD duality to construct 

a first approximation to QCD
Hadron Spectrum  

Light-Front Wavefunctions,
Running coupling in IR

General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R�+ b�i) =  R�

xi
 R�+ b�i

�n
i
 b�i =  0�

�n
i xi = 1

in collaboration with  Guy de Teramond

29

Central problem  for strongly-coupled gauge theories
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1 The Holographic Correspondence

• In the “ semi-classical” approximation to QCD with massless quarks and no quantum loops the �

function is zero, and the approximate theory is scale and conformal invariant.

• Isomorphism of SO(4, 2) of conformal QCD with the group of isometries of AdS space

ds2 =
R2

z2
(⇥µ⇥dxµdx⇥ � dz2).

• Semi-classical correspondence as a first approximation to QCD (strongly coupled at all scales).

• xµ ⇤ ⇤xµ, z ⇤ ⇤z, maps scale transformations into the holographic coordinate z.

• Different values of z correspond to different scales at which the hadron is examined: AdS boundary at

z ⇤ 0 corresponds to the Q⇤⌅, UV zero separation limit.

• There is a maximum separation of quarks and a maximum value of z at the IR boundary

• Truncated AdS/CFT (Hard-Wall) model: cut-off at z0 = 1/�QCD breaks conformal invariance and

allows the introduction of the QCD scale (Hard-Wall Model) Polchinski and Strassler (2001).

• Smooth cutoff: introduction of a background dilaton field ⌅(z) – usual linear Regge dependence can

be obtained (Soft-Wall Model) Karch, Katz, Son and Stephanov (2006).

Changes in 
physical

length scale 
mapped to 

evolution in the 
5th dimension z 

in collaboration 
with Guy de Teramond

Light-Front 
Holography

• Erlich, Karch, Katz, Son, Stephanov
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Exploring QCD, Cambridge, August 20-24, 2007 Page 9

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

(x(1� x)|b⇤|

z

z�

z0 = 1
⇥QCD

�d⇥ np

• Light-Front Holography

General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R�+ b�i) =  R�

xi
 R�+ b�i

�n
i
 b�i =  0�

�n
i xi = 1

0.20.40.60.8

1.3

1.4

1.5

0

0.05

0.1

0.15

0.2

0

5

�(x, k�)(GeV)

�(x, k�)

• Light Front Wavefunctions:                                   

Schrödinger Wavefunctions
of Hadron Physics
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AdS/QCD G. F. de Téramond

Scale Transformations

• Isomorphism of SO(4, 2) of conformal QCD with the group of isometries of AdS space

SO(1, 5)

ds2 =
R2

z2
(�µ⇥dxµdx⇥ � dz2),

xµ ⇤ ⇥xµ, z ⇤ ⇥z, maps scale transformations into the holographic coordinate z.

• AdS mode in z is the extension of the hadron wf into the fifth dimension.

• Different values of z correspond to different scales at which the hadron is examined.

x2 ⇤ ⇥2x2, z ⇤ ⇥z.

x2 = xµxµ: invariant separation between quarks

• The AdS boundary at z ⇤ 0 correspond to theQ⇤⌅, UV zero separation limit.

Caltech High Energy Seminar, Feb 6, 2006 Page 11

32

invariant measure
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2 Bosonic Modes

• Conformal metric: ds2 = g⌅mdx⌅dxm. x⌅ = (xµ, z), g⌅m ⇤
�
R2/z2

⇥
�⌅m .

• Action for massive scalar modes on AdSd+1:

S[⇥] =
1
2

⌥
dd+1x

⇧
g 1

2

�
g⌅m⌃⌅⇥⌃m⇥� µ2⇥2

 
,
⇧

g ⇤ (R/z)d+1.

• Equation of motion
1
⇧

g

⌃

⌃x⌅

�⇧
g g⌅m ⌃

⌃xm
⇥
⇥

+ µ2⇥ = 0.

• Factor out dependence along xµ-coordinates , ⇥P (x, z) = e�iP ·x ⇥(z), PµPµ =M2 :
⇤
z2⌃2

z � (d� 1)z ⌃z + z2M2 � (µR)2
⌅
⇥(z) = 0.

• Solution: ⇥(z)⇤ z� as z ⇤ 0,

⇥(x, z) = Cz
d
2 J�� d

2
(zM) , � = 1

2

⇧
d +

⌦
d2 + 4µ2R2

⌃
.

• Normalization

Rd�1
⌥ ⇥�1

QCD

0

dz

zd�1
⇥2

S=0(z) = 1.

Bosonic Solutions:  Hard Wall Model

� = 2 + L (µR)2 = L2 � 4d = 4

�(z) = Czd/2J��d/2(zM)
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AdS Schrodinger Equation for bound state 
of  two scalar constituents:

Derived from variation of Action in AdS5

⌅(z = z0 = 1
⇤c

) = 0.

[� d2

dz2 + V(z)]⌅(z) = M2⌅(z)

V(z) = �1�4L2

4z2 ! �1�4L2

4z2 + �4z2

� = 2 + L

V(z) = �1�4L2

4z2 + �4z2

Mµ⇤,Pµ,D,Kµ,

Hard wall model: truncated space

Let �(z) = z3/2�(z)

L = Lz:   light-front orbital angular momentum

�
� d2

dz2
� 1� 4L2

4z2

⇥
�(z) =M2�(z)
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AdS/QCD G. F. de Téramond

• Pseudoscalar mesons: O3+L = ⇤⇥5D{�1 . . . D�m}⇤ (⇥µ = 0 gauge).

• 4-d mass spectrum from boundary conditions on the normalizable string modes at z = z0,

⇥(x, zo) = 0, given by the zeros of Bessel functions ��,k: M�,k = ��,k�QCD.

• Normalizable AdS modes �(z)

10 2 3 4

1

2

0

3

4

5

z

Φ(z)

2-2006
8721A7

10 2 3 4

-2

0

2

4

z

Φ(z)

3-2006
8721A13

Fig: Meson orbital and radial AdS modes for �QCD = 0.32 GeV.

Caltech High Energy Seminar, Feb 6, 2006 Page 19

Confinement in 
the 5th 

dimension

z0 = 1
⇥QCD

z�

�: conformal dimension of meson

P+ = P0 + Pz

Fixed � = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

de Teramond, sjb

35

• Near the boundary of AdSd+1 space z ⇤ 0:

⇥(x, z) ⇤ z�⇥+(x) + zd��⇥�(x).

• ⇥�(x) is the boundary limit of non-normalizable mode (source): ⇥� = ⇥0

• ⇥+(x) is the boundary limit of the normalizable mode (physical states)

• Using the equations of motion AdS action reduces to a UV surface term

Seff =
Rd�1

4
lim
z⇤0

�
ddx

1
zd�1

⇥⌅z⇥,

• Seff is identified with the boundary functional WCFT

⌥O�⇥0
=

�WCFT

�⇥0
=

�Se⇤

�⇥0
⇥ ⇥+(x),

Balasubramanian et. al. (1998), Klebanov and Witten (1999).

• Physical AdS modes ⇥P (x, z) ⇥ e�iP ·x ⇥(z) are plane waves along the Poincaré coordinates with

four-momentum Pµ and hadronic invariant mass states PµPµ = M2.

• For small-z ⇥(z) ⇥ z�. The scaling dimension � of a normalizable string mode, is the same
dimension of the interpolating operatorO which creates a hadron out of the vacuum: ⌥P |O|0� ⌅= 0.

z�

�: conformal dimension of meson

P+ = P0 + Pz

Fixed ⇥ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇤(�, b�)

Twist dimension 
of meson

Identify hadron by its interpolating operator at z   --> 0

� = 2 + L

equivalent to 
dimensions of chiral 

superfields
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AdS/QCD G. F. de Téramond

• Pseudoscalar mesons: O3+L = ⇤⇥5D{�1 . . . D�m}⇤ (⇥µ = 0 gauge).

• 4-d mass spectrum from boundary conditions on the normalizable string modes at z = z0,

⇥(x, zo) = 0, given by the zeros of Bessel functions ��,k: M�,k = ��,k�QCD

• Normalizable AdS modes �(z)

10 2 3 4

1

2

0

3

4

5

z

Φ(z)

2-2006
8721A7

10 2 3 4

-2

-4

0

2

4

z

Φ(z)

2-2006
8721A8

Fig: Meson orbital and radial AdS modes for �QCD = 0.32 GeV.

Caltech High Energy Seminar, Feb 6, 2006 Page 19

z�

�d⇥ np

�� ⇥ ⇥+⇥�

�� ⇥ K+K�

s = E2
cm = W2 = Q2

Q4GMp(Q
2)

Q2FK(Q2)

z�

z0

�d⇥ np

�� ⇥ ⇥+⇥�

�� ⇥ K+K�

s = E2
cm = W2 = Q2

Q4GMp(Q
2)

z�

z0 = 1
⇥QCD

�d⇥ np

�� ⇥ ⇥+⇥�

�� ⇥ K+K�

s = E2
cm = W2 = Q2

Q4GMp(Q
2)

Match fall-off at small z to conformal twist-dimension 
at short distances

� = 2 + L
twist

S = 0

O2+L
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Fig: Orbital and radial AdS modes in the hard wall model for �QCD = 0.32 GeV .
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Fig: Light meson and vector meson orbital spectrum �QCD = 0.32 GeV

Exploring QCD, Cambridge, August 20-24, 2007 Page 23

S = 0 S = 1



 
 QCD at the Light Front  Stan Brodsky

Warsaw
 July  3, 2012 38

• Nonconformal metric dual to a confining gauge theory

ds2 =
R2

z2
e⇤(z)

�
�µ⇥dxµdx⇥ � dz2

⇥

where ⇤(z) ⇧ 0 at small z for geometries which are

asymptotically AdS5

• Gravitational potential energy for object of mass m

V = mc2�g00 = mc2R
e⇤(z)/2

z

• Consider warp factor exp(±⇥2z2)

• Plus solution: V (z) increases exponentially confining

any object in modified AdS metrics to distances ⌃z⌥ ⌅ 1/⇥

KITPC, Beijing, October 19, 2010 Page 9

e�(z) = e+2z2
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AdS Soft-Wall Schrödinger Equation for 
bound state  of  two constituents:

Derived from variation of Action : Dilaton-Modified AdS5

U(z) = �4z2 + 2�2(L + S � 1)

• de Teramond, sjb

Positive-sign dilaton

Matches the LF QCD Schrödinger Equation !

[� d2

d⇣2
+

4L2 � 1
⇣2

+ U(⇣, S, L)]  LF (⇣) =M2  LF (⇣)

e�(z) = e+2z2

4

⇥
� d2

dz2
+

4L2 � 1
4z2

+ U(z)
⇤
 (z) =M2 (z)



 

HQED

[� �2

2mred
+ Ve�(�S,�r)] �(�r) = E �(�r)

[� 1
2mred

d2

dr2
+

1
2mred

⌃(⌃ + 1)
r2

+ Ve�(r, S, ⌃)] �(r) = E �(r)

(H0 + Hint) |� >= E |� > Coupled Fock states

Effective two-particle equation

 Spherical Basis r, �,⇥

Coulomb  potential 

Includes Lamb Shift, quantum corrections

Bohr Spectrum
Veff ⇥ VC(r) = ��

r

QED atoms: positronium and 
muonium

Semiclassical first approximation to QED 40



 

HQED

Coupled Fock states

Effective two-particle equation

 Azimuthal  Basis:

Confining AdS/QCD  
potential 

QCD Meson SpectrumHLF
QCD

(H0
LF + HI

LF )|� >= M2|� >

[
�k2
� + m2

x(1� x)
+ V LF

e� ] �LF (x,�k�) = M2 �LF (x,�k�)

�,⇥
�2 = x(1� x)b2

�

Semiclassical first approximation to QCD 

U(⇣, S, L) = 4⇣2 + 2(L + S � 1/2)

41

invariant impact variable

[� d2

d⇣2
+

4L2 � 1
⇣2

+ U(⇣, S, L)]  LF (⇣) = M2  LF (⇣)4



 

42

Derivation of the Light-Front Radial Schrodinger Equation  directly 
from LF QCD

M2 =
⌅ 1

0
dx

⌅
d2 k⇥
16�3

 k2
⇥

x(1� x)

���⇥(x, k⇥)
���
2

+ interactions

=
⌅ 1

0

dx

x(1� x)

⌅
d2 b⇥ ⇥�(x, b⇥)

⇥
� ⇤2

⇥b��

⇤
⇥(x, b⇥) + interactions.

(⌃�,⇥), ⌃� =
�

x(1� x)⌃b�:Change 
variables �2 =

1
�

d

d�

�
�

d

d�

⇥
+

1
�2

⇤2

⇤⇥2

M2 =
Z

d⇣ �⇤(⇣)
p

⇣

✓
� d2

d⇣2
� 1

⇣

d

d⇣
+

L2

⇣2

◆
�(⇣)p

⇣

+
Z

d⇣ �⇤(⇣)U(⇣)�(⇣)

=
Z

d⇣ �⇤(⇣)
✓
� d2

d⇣2
+

4L2 � 1
4⇣2

+ U(⇣)
◆

�(⇣)

L = Lz
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AdS Soft-Wall Schrödinger Equation for 
bound state  of  two constituents:

Derived from variation of Action : Dilaton-Modified AdS5

U(z) = �4z2 + 2�2(L + S � 1)

• de Teramond, sjb

Positive-sign dilaton

Matches the LF QCD Schrödinger Equation !

[� d2

d⇣2
+

4L2 � 1
⇣2

+ U(⇣, S, L)]  LF (⇣) =M2  LF (⇣)

e�(z) = e+2z2

4

⇥
� d2

dz2
+

4L2 � 1
4z2

+ U(z)
⇤
 (z) =M2 (z)
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⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

(x(1� x)|b⇤|

z

z�

z0 = 1
⇥QCD

�d⇥ np

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

LF(3+1)                AdS5

44

Light Front Holography: Identical mapping derived from equality of    
LF (DYW) and AdS  formulas for current matrix elements

⇤(x, �) =
�

x(1� x)��1/2⇥(�)

de Teramond, sjb



 
 QCD at the Light Front  Stan Brodsky

Warsaw
 July  3, 2012 45

G. de Teramond 
& sjb

Positive-sign dilatone�(z) = e+2z2
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soft wall
confining potential:

Light-Front Holography: 
Map AdS/CFT  to  3+1 LF Theory

�
� d2

d2�
+ V (�)

⇥
=M2⇥(�)

�
� d2

d�2 + V (�)
⇥
=M2⇥(�)

�2 = x(1� x)b2
⇥.

Jz = Sz
p =

⇤n
i=1 Sz

i +
⇤n�1

i=1 ⌥z
i = 1

2

each Fock State

Jz
p = Sz

q + Sz
g + Lz

q + Lz
g = 1

2

Relativistic LF radial equation

G. de Teramond, sjb 

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

Frame Independent

46

U(⇣) = 4⇣2 + 22(L + S � 1)

[� d2

d⇣2
+

4L2 � 1
⇣2

+ U(⇣, S, L)]  LF (⇣) = M2  LF (⇣)4
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Fig: Orbital and radial AdS modes in the soft wall model for � = 0.6 GeV .
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Light meson orbital (a) and radial (b) spectrum for � = 0.6 GeV.

Exploring QCD, Cambridge, August 20-24, 2007 Page 26

S = 0 S = 0

Soft Wall 
Model

Pion mass  
automatically 

zero!

mq = 0

Quark separation 
increases with L

Pion has 
zero mass!
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• Obtain spin-J mode �µ1···µJ with all indices along 3+1 coordinates from � by shifting dimensions

�J(z) =
⇧ z

R

⌃�J
�(z)

• Substituting in the AdS scalar wave equation for �
⇤
z2⇧2

z �
�
3�2J � 2⇥2z2

⇥
z ⇧z + z2M2� (µR)2

⌅
�J = 0

• Upon substitution z⌅�

⌅J(�)⇤��3/2+Je⇥2�2/2 �J(�)

we find the LF wave equation

⌥
� d2

d�2
� 1� 4L2

4�2
+ ⇥4�2 + 2⇥2(L + S � 1)

�
⌅µ1···µJ =M2⌅µ1···µJ

with (µR)2 = �(2� J)2 + L2

Hadron 2009, FSU, Tallahassee, December 1, 2009 Page 18

General-Spin Hadrons
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equation is similar to the celebrated Schrödinger radial wave equation at fixed t which

describes the quantum-mechanical structure of atomic systems. Internal orbital angular

momentum L and its e�ect on quark kinetic energy plays an explicit role. Thus by using

the AdS/CFT correspondence one obtains a relativistic wave equation applicable to hadron

physics, where the light-front coordinate � plays the role of the radial variable r of the

nonrelativistic theory. For example, the meson eigenvalue equation is
�
� d2

d�2
� 1� 4L2

4�2
+ U(�)

⇥
⇤(�) =M2⇤(�), (1)

where the vast complexity of the QCD interactions among constituents is summed up in

the addition of the e�ective potential U(�), which is then modeled to enforce confinement.

For example, in the soft wall model the potential is U(�) = ⇥4�2 + 2⇥2(J � 1) where J is

the total angular momentum of the hadron. The corresponding wavefunctions of a pion

describe the probability distribution of its constituents for the di�erent orbital and radial

states. The separation of the constituent quark and antiquark in AdS space get larger as

the orbital angular momentum increases. Orbital excitations are also located deeper inside

AdS space (Fig. ??).
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Figure 2: Meson wavefunctions is AdS space in the soft-wall holographic model of
confinement: (a) orbital modes and (b) radial modes. Constituent quark and antiquark
fly away from each other as the orbital and radial quantum number increases.

Hadronic spectrum. Thus AdS/CFT and light-front holography provide a quantum

mechanical wave equation formalism for hadron physics. The soft-wall model, in particular,

appears to provide a very useful first approximation to QCD. The solutions of the light-

front equation determine the masses of the hadrons, given the total internal spin S, the

orbital angular momenta L of the constituents, and the index n, the number of nodes of

the wavefunction in �. For example, if the total quark spin S is zero, the meson bound
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Bosonic Modes and Meson Spectrum
4�2 for �n = 1
4�2 for �L = 1
2�2 for �S = 1
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Regge trajectories for the ⇥ (� = 0.6 GeV) and the I =1 ⇤-meson and I =0 ⌅-meson families (� = 0.54 GeV)

KITPC, Beijing, October 19, 2010 Page 20

Same slope in n and L

S = 0 S = 1

M2 = 42(n + J/2 + L/2)! 42(n + L + S/2)

51



 
 QCD at the Light Front  Stan Brodsky

Warsaw
 July  3, 2012 52



 

53



 
 QCD at the Light Front  Stan Brodsky

Warsaw
 July  3, 2012

Prediction from AdS/CFT: Pion Light-Front Wavefunction
�(x, k�)
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Increases PQCD prediction for F�(Q2) by 16/9

 ⇡(x, k?)
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Prediction from AdS/CFT: Meson LFWF
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⇥M(x, Q0) ⇥
�

x(1� x)

µR

µR = Q

µF = µR

Q/2 < µR < 2Q

µ�

q

⇥M(x, Q0) ⇥
�

x(1� x)

⇤M(x, k2
⇤)

µR

µR = Q

µF = µR

Q/2 < µR < 2Q

µ�

� = 0.375 GeV

massless quarks
Note coupling 

k2
�, x

Connection of Confinement to TMDs

⇤M (x, k⇥) =
4⇥

�
�

x(1� x)
e
� k2

⇥
2�2x(1�x)
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Second Moment of  Pion Distribution Amplitude

< �2 >=
� 1

�1
d� �2⇥(�)

� = 1� 2x

�asympt ⇥ x(1� x)
�AdS/QCD ⇥

�
x(1� x)

Braun et al.

Donnellan et al.

< �2 >�= 1/5 = 0.20

< �2 >�= 1/4 = 0.25

Lattice (I) < �2 >�= 0.28± 0.03

Lattice (II) < �2 >�= 0.269± 0.039
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4 Fermionic Modes

Hard-Wall Model

From Nick Evans• Action for massive fermionic modes on AdS5:

S[⌅,⌅] =
 

d4x dz
⌅

g ⌅(x, z)
⇤
i�⇧D⇧ � µ

⌅
⌅(x, z)

• Equation of motion:
�
i�⇧D⇧ � µ

⇥
⌅(x, z) = 0

⌥
i

⇧
z⇥⇧m�⇧ m +

d

2
�z

⌃
+ µR

�
⌅(x⇧) = 0

• Solution (µR = ⌅ + 1/2)

⌅(z) = Cz5/2 [J⇥(zM)u+ + J⇥+1(zM)u�]

• Hadronic mass spectrum determined from IR boundary conditions ⇧± (z = 1/⇥QCD) = 0

M+ = �⇥,k ⇥QCD, M� = �⇥+1,k ⇥QCD

with scale independent mass ratio

• Obtain spin-J mode ⇤µ1···µJ�1/2
, J > 1

2 , with all indices along 3+1 from ⌅ by shifting dimensions

Hadron 2009, FSU, Tallahassee, December 1, 2009 Page 21

2 Fermionic Modes

From Nick Evans

• Baryons Spectrum in ”bottom-up” holographic QCD

GdT and Brodsky: hep-th/0409074, hep-th/0501022.

• Conformal metric x⇤ = (xµ, z):

ds2 = g⇤mdx⇤dxm

=
R2

z2
(�µ⇥dxµdx⇥ � dz2).

• Action for massive fermionic modes on AdSd+1:

S[⇥,⇥] =
 

dd+1x
⇤

g ⇥(x, z)
⇤
i�⇤D⇤ � µ

⌅
⇥(x, z).

• Equation of motion:
�
i�⇤D⇤ � µ

⇥
⇥(x, z) = 0

⌥
i

⇧
z�⇤m�⇤⇧m +

d

2
�z

⌃
+ µR

�
⇥(x⇤) = 0.

Helmholtz Institut, Bonn, Oct 16, 2007 Page 20

Baryons in Ads/CFT

Hard Wall



 

Fermionic Modes and Baryon Spectrum
[GdT and S. J. Brodsky, PRL 94, 201601 (2005)]

From Nick Evans

• Action for Dirac field in AdSd+1 in presence of dilaton background ⇧(z) [Abidin and Carlson (2009)]

S =
⇧

dd+1⌃ge⌅(z)
�
i⌅eM

A �ADM⌅ + h.c + ⇧(z)⌅⌅� µ⌅⌅
⇥

• Factor out plane waves along 3+1: ⌅P (xµ, z) = e�iP ·x⌅(z)
⌃
i
⇤
z�⌦m�⌦ m + 2�z

⌅
+ µR + ⇥2z

⌥
⌅(x⌦) = 0.

• Solution (⌅ = µR� 1
2 , ⌅ = L + 1)

⌅+(z) ⇤ z
5
2+⇤e��2z2/2L⇤

n(⇥2z2), ⌅�(z) ⇤ z
7
2+⇤e��2z2/2L⇤+1

n (⇥2z2)

• Eigenvalues (how to fix the overall energy scale, see arXiv:1001.5193)

M2 = 4⇥2(n + L + 1)

• Obtain spin-J mode ⇤µ1···µJ�1/2
, J > 1

2 , with all indices along 3+1 from ⌅ by shifting dimensions

• Large NC : M2 = 4⇥2(NC + n + L� 2) =⌅ M ⇤
⌃

NC ⇥QCD

Escuela de Fı́sica, UCR, December 1, 2010 Page 25

GdT and sjb, PRL 94, 201601 (2005)

positive parity

Yukawa interaction 
in 5 dimensions 
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�(z) = e2z2
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Non-Conformal Extension of Algebraic Structure (Soft Wall Model)

• We write the Dirac equation

(��(⇤)�M)⌃(⇤) = 0,

in terms of the matrix-valued operator �

�⇤(⇤) = �i

⇤
d

d⇤
�

⇧ + 1
2

⇤
⇥5 � ⌅2⇤⇥5

⌅
,

and its adjoint �†, with commutation relations

⇧
�⇤(⇤),�†

⇤(⇤)
⌃

=
�

2⇧ + 1
⇤2

� 2⌅2

⇥
⇥5.

• Solutions to the Dirac equation

⌃+(⇤) ⇤ z
1
2+⇤e�⇥2�2/2L⇤

n(⌅2⇤2),

⌃�(⇤) ⇤ z
3
2+⇤e�⇥2�2/2L⇤+1

n (⌅2⇤2).

• Eigenvalues

M2 = 4⌅2(n + ⇧ + 1).

Exploring QCD, Cambridge, August 20-24, 2007 Page 49

⌫ = L + 1

Soft Wall
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Equal probability L=0,1 !
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Fig. 2. Regge trajectory for �� resonances as a function of the leading intrinsic orbital angular momentum L and the radial
excitation quantum number N (corresponding to n1 + n2 in quark models). The line represents a prediction of the metric-soft-
wall AdS/QCD model [18,19]. Resonances with N = 0 and N = 1 are listed above or below the trajectory. The mass predictions
are 1.27, 1.64, 1.92, 2.20, 2.43, 2.64, 2.84GeV. The two states reported in [20,21] are indicated by arrows.

In [17], �(1930)D35 was interpreted as L = 3, S = 1/2
excitation. The new evidence for �(1940)D33 – which
seems to be a natural spin partner of �(1930)D35 – sug-
gests L = 1, S = 3/2, N = 1 quantum numbers for both,
and the two-star �(1900)S31 to be the natural third part-
ner to complete a spin triplet. In the interpretation of
[17], one could of course also argue that �(1900)S31 and
�(1940)D33 have L = 1, S = 1/2, N = 1, and �(1930)D35

and a missing �G37 below 2GeV are L = 3, S = 1/2 ex-
citations.

At high masses, some problems remain. In particular
�(2750)I3 13 is far from the solid line.

In conclusion, there are clear discrepancies between
hard-wall AdS/QCD and data in the 1.7 GeV region. Above
1.8GeV, some inconsistencies with the hard wall solution
exist, in particular the existence of �(1940)D33 [20,21]
and the non-observation of a �G37 candidate with mass
between 1.9 and 2GeV are di⌅cult to reconcile with hard-
wall AdS/QCD. But overall, the trend of most established
states is reasonably reproduced.

In [18,19], the mass spectrum of light mesons and
baryons was predicted using AdS/QCD in the metric soft-
wall approximation. Relations between ground state masses
and trajectory slopes

M2 = 4⇥2(L + N + 1/2) for mesons
M2 = 4⇥2(L + N + 3/2) for baryons (A)

were derived. Using the slope of the � trajectory, masses
were calculated. They are plotted as a function of L+N in
Fig. 2. The two states indicated by arrows are those found
in [20,21]. While the positive-parity �(1920)P33 has three
stars in the PDG rating, the negative-parity �(1940)D33

had one star only. Both states were not observed in the
latest analysis of Arndt et al. [3] on elastic ⇤N scattering.

The four positive- and negative-parity states between
1.60 and 1.75 GeV (2,3) are predicted to have the same

mass (1.62 GeV)1; the seven states (4,5) should have 1.92
GeV. The predicted masses for L + N = 3 (6,7) and 4
(8,9) are 2.20 and 2.42GeV, respectively. The trajectory
continues with the calculated masses 2.64 for L + N = 5
and 2.84 GeV for L + N = 6. Experimentally, the highest
mass state is �(2950)K3 15 which requires L = 6. In this
interpretation, �(2750)I3 13 has L = 5, S = 3/2 and N =
1 and should be degenerate in mass with �(2950)K3 15.
Both are expected to have a mass of 2.84 GeV which is not
incompatible with the experimental findings even though
the mass di�erence of 200 MeV between the two states
does not support their expected mass degeneracy.

An early interpretation of strings was proposed by
Nambu [36]. He assumed that the gluon flux between the
two quarks is concentrated in a rotating flux tube or a
rotating string with a homogeneous mass density. Nambu
derived a linear relation between squared mass and or-
bital angular momentum, M2 � L. This mechanical pic-
ture was further developed by Baker and Steinke [37] and
by Baker [38] to a field theoretical approach. For mesons,
the functional dependence (A) was derived.

The relation (A) between �� masses and L and N has
been derived earlier in a phenomenological analysis of the
baryon mass spectrum [35]. For octet and singlet baryons,
one term ascribed to instanton-induced interactions was
required to reproduce the full mass spectrum of all baryon
resonances having known spin and parity.

The striking agreement between the measured baryon
excitation spectrum and the predictions [18,19] based on
AdS/QCD and the success of the phenomenological mass
formula [35] pose new questions. In both cases, the baryon
masses depend on the number of orbital and radial exci-
tations just as mesons. But baryons have an extra degree

1 The �1/2+(1750) is tricky; it has L = 2 but both oscillators
are excited. Since they are orthogonal, the internal separations
increase less than for parallel angular momenta.
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Fig. 2. Regge trajectory for �� resonances as a function of the leading intrinsic orbital angular momentum L and the radial
excitation quantum number N (corresponding to n1 + n2 in quark models). The line represents a prediction of the metric-soft-
wall AdS/QCD model [18,19]. Resonances with N = 0 and N = 1 are listed above or below the trajectory. The mass predictions
are 1.27, 1.64, 1.92, 2.20, 2.43, 2.64, 2.84GeV. The two states reported in [20,21] are indicated by arrows.

In [17], �(1930)D35 was interpreted as L = 3, S = 1/2
excitation. The new evidence for �(1940)D33 – which
seems to be a natural spin partner of �(1930)D35 – sug-
gests L = 1, S = 3/2, N = 1 quantum numbers for both,
and the two-star �(1900)S31 to be the natural third part-
ner to complete a spin triplet. In the interpretation of
[17], one could of course also argue that �(1900)S31 and
�(1940)D33 have L = 1, S = 1/2, N = 1, and �(1930)D35

and a missing �G37 below 2GeV are L = 3, S = 1/2 ex-
citations.

At high masses, some problems remain. In particular
�(2750)I3 13 is far from the solid line.

In conclusion, there are clear discrepancies between
hard-wall AdS/QCD and data in the 1.7 GeV region. Above
1.8GeV, some inconsistencies with the hard wall solution
exist, in particular the existence of �(1940)D33 [20,21]
and the non-observation of a �G37 candidate with mass
between 1.9 and 2GeV are di⌅cult to reconcile with hard-
wall AdS/QCD. But overall, the trend of most established
states is reasonably reproduced.

In [18,19], the mass spectrum of light mesons and
baryons was predicted using AdS/QCD in the metric soft-
wall approximation. Relations between ground state masses
and trajectory slopes

M2 = 4⇥2(L + N + 1/2) for mesons
M2 = 4⇥2(L + N + 3/2) for baryons (A)

were derived. Using the slope of the � trajectory, masses
were calculated. They are plotted as a function of L+N in
Fig. 2. The two states indicated by arrows are those found
in [20,21]. While the positive-parity �(1920)P33 has three
stars in the PDG rating, the negative-parity �(1940)D33

had one star only. Both states were not observed in the
latest analysis of Arndt et al. [3] on elastic ⇤N scattering.

The four positive- and negative-parity states between
1.60 and 1.75 GeV (2,3) are predicted to have the same

mass (1.62 GeV)1; the seven states (4,5) should have 1.92
GeV. The predicted masses for L + N = 3 (6,7) and 4
(8,9) are 2.20 and 2.42GeV, respectively. The trajectory
continues with the calculated masses 2.64 for L + N = 5
and 2.84 GeV for L + N = 6. Experimentally, the highest
mass state is �(2950)K3 15 which requires L = 6. In this
interpretation, �(2750)I3 13 has L = 5, S = 3/2 and N =
1 and should be degenerate in mass with �(2950)K3 15.
Both are expected to have a mass of 2.84 GeV which is not
incompatible with the experimental findings even though
the mass di�erence of 200 MeV between the two states
does not support their expected mass degeneracy.

An early interpretation of strings was proposed by
Nambu [36]. He assumed that the gluon flux between the
two quarks is concentrated in a rotating flux tube or a
rotating string with a homogeneous mass density. Nambu
derived a linear relation between squared mass and or-
bital angular momentum, M2 � L. This mechanical pic-
ture was further developed by Baker and Steinke [37] and
by Baker [38] to a field theoretical approach. For mesons,
the functional dependence (A) was derived.

The relation (A) between �� masses and L and N has
been derived earlier in a phenomenological analysis of the
baryon mass spectrum [35]. For octet and singlet baryons,
one term ascribed to instanton-induced interactions was
required to reproduce the full mass spectrum of all baryon
resonances having known spin and parity.

The striking agreement between the measured baryon
excitation spectrum and the predictions [18,19] based on
AdS/QCD and the success of the phenomenological mass
formula [35] pose new questions. In both cases, the baryon
masses depend on the number of orbital and radial exci-
tations just as mesons. But baryons have an extra degree

1 The �1/2+(1750) is tricky; it has L = 2 but both oscillators
are excited. Since they are orthogonal, the internal separations
increase less than for parallel angular momenta.
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Nearly Conformal QCD and AdS/CFT G. F. de Téramond, UCR

• Propagation of external perturbation suppressed inside AdS.

• At large enoughQ ⇤ r/R2, the interaction occurs in the large-r conformal region. Important

contribution to the FF integral from the boundary near z ⇤ 1/Q.

J(Q, z), �(z)

1 2 3 4 5

0.2

0.4

0.6

0.8

1

z

• Consider a specific AdS mode ⇥(n) dual to an n partonic Fock state |n⇧. At small z, ⇥(n)

scales as ⇥(n) ⇤ z�n . Thus:

F (Q2) ⌅
�

1
Q2

⇥��1

,

where ⇥ = �n � �n, �n =
⇤n

i=1 �i. The twist is equal to the number of partons, ⇥ = n.

Quark-Hadron Duality, Frascati, 6-8 June 2005 Page 22

Dimensional Quark Counting Rules:
General result from 

AdS/CFT and Conformal Invariance

64

Hadron Form Factors from AdS/CFT 

Polchinski, Strassler
de Teramond, sjb

D(z) ⇥ (1� z)2Nspect�1

zD(z) = F (x = 1/z)

zD(z)c⇤pX = Fp⇤cX(x = 1/z)

zi ⌅ m⇧i =
⇥

m2
i + k2

⇧

X = cūd̄ū

F (Q2)I⇤F =
� dz

z3�F (z)J(Q, z)�I(z)

J(Q, z) = zQK1(zQ)

�s(Q2)

⇥(Q2) = d�s(Q2)
d logQ2 � 0

�(Q2)� �
15⇤

Q2

m2

Q2 << 4m2

A

High Q2 
from 

small z  ~ 1/Q

J(Q, z) �(z)

high Q2
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Spacelike pion form factor from AdS/CFT
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Hard Wall: Truncated Space Confinement

Soft Wall: Harmonic Oscillator Confinement

One parameter -  set by pion decay constant

Data Compilation
Baldini, Kloe and Volmer

de Teramond, sjb
See also: Radyushkin 
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• Hadronic gravitational form-factor in AdS space

A�(Q2) = R3
⌅

dz

z3
H(Q2, z) |��(z)|2 ,

where H(Q2, z) = 1
2Q2z2K2(zQ)

• Use integral representation for H(Q2, z)

H(Q2, z) = 2
⌅ 1

0
x dxJ0

⇥
zQ

⇧
1� x

x

⇤

• Write the AdS gravitational form-factor as

A�(Q2) = 2R3
⌅ 1

0
x dx

⌅
dz

z3
J0

⇥
zQ

⇧
1� x

x

⇤
|��(z)|2

• Compare with gravitational form-factor in light-front QCD for arbitrary Q

���⇤̃qq/�(x, �)
���
2

=
R3

2⇥
x(1� x)

|��(�)|2

�4
,

which is identical to the result obtained from the EM form-factor

From String to Things, INT, Seattle, April 10, 2008 Page 31

Abidin & Carlson 

Gravitational Form Factor in AdS space

Identical  to LF Holography obtained from electromagnetic current
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Current Matrix Elements in AdS Space (SW)

• Propagation of external current inside AdS space described by the AdS wave equation
⇤
z2⇧2

z � z
�
1 + 2�2z2

⇥
⇧z �Q2z2

⌅
J�(Q, z) = 0.

• Solution bulk-to-boundary propagator

J�(Q, z) = �
⇧

1 +
Q2

4�2

⌃
U

⇧
Q2

4�2
, 0, �2z2

⌃
,

where U(a, b, c) is the confluent hypergeometric function

�(a)U(a, b, z) =
⌥ ⇥

0
e�ztta�1(1 + t)b�a�1dt.

• Form factor in presence of the dilaton background ⇥ = �2z2

F (Q2) = R3
⌥

dz

z3
e��2z2

⇥(z)J�(Q, z)⇥(z).

• For large Q2 ⇤ 4�2

J�(Q, z)⌅ zQK1(zQ) = J(Q, z),

the external current decouples from the dilaton field.

Exploring QCD, Cambridge, August 20-24, 2007 Page 34

sjb and GdT 
Grigoryan and Radyushkin

Soft Wall 
Model
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e+

e�
��

�+

��

Dressed soft-wall current brings in higher 
Fock states and more vector meson poles
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Space and Time-Like Pion Form Factor

[GdT and S. J. Brodsky, arXiv:1010.1204]

• Higher Fock components in pion LFWF

|⇤⌅ = ⌅qq/�|qq⌅⇤=2 + ⌅qqqq/�|qqqq⌅⇤=4 + · · ·

corresponding to interpolating operators O = ⌅�+�5⌅ and O = ⌅�+�5⌅⌅⌅

• Expansion of LFWF up to twist 4

⇥ = 0.54 GeV,�⇥ = 130, �⇥� = 400, �⇥�� = 300 MeV, Pqqqq = 13%

Q2 F � !Q2"
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log FΠ!Q2"MΡ2
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LC 2011 2011, Dallas, May 23, 2011 Page 24

13

for the elastic proton Dirac form factor and

F p
1 N⇥N�(Q

2) =

⌃
2

3

Q2

M2
��

1 + Q2

M2
�

⇥�
1 + Q2

M2
�⇥

⇥�
1 + Q2

M2

�
⇥⇥

⇥ , (29)

for the EM spin non-flip proton to Roper transition form factor. [59] The results (28) and (29), compared
with available data in Fig. 4, correspond to the valence approximation. The transition form factor (29)
is expressed in terms of the mass of the ⇤ vector meson and its first two radial excited states, with no
additional parameters.

7 Higher Fock Components in Light Front Holography

The LF Hamiltonian eigenvalue equation (1) is a matrix in Fock space which represents an infinite
number of coupled integral equations for the Fock components ⌅n = ⇤n|⌅⌅. The resulting potential in
quantum field theory can be considered as an instantaneous four-point e�ective interaction in LF time,
similar to the instantaneous gluon exchange in the light-cone gauge A+ = 0, which leads to qq ⇥ qq,
qq ⇥ qq, q ⇥ qqq and q ⇥ qqq, thus creating Fock states with any number of extra quark-antiquark
pairs. In this approximation there is no mixing with the qqg Fock states (no dynamical gluons) from
the interaction term gs⌅� · A⌅ in QCD. Since models based on AdS/QCD are particularly successful
in the description of exclusive processes, [62] this may explain the dominance of quark interchange [63]
over quark annihilation or gluon exchange contributions in large angle elastic scattering. [64]

To show the relevance of higher Fock states we discuss a simple semi-phenomenological model of
the elastic form factor of the pion where we include the first two components in a Fock expansion of
the pion wave function |⇥⌅ = ⌅qq/�|qq⌅⇥=2 + ⌅qqqq|qqqq⌅⇥=4 + · · · , where the JPC = 0�+ twist-two
and twist-4 states |qq⌅ and |qqqq⌅ are created by the interpolating operators q�+�5q and q�+�5qqq
respectively.
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Fig. 5 Structure of the space- and time-like pion form factor in light-front holography for a truncation of the
pion wave function up to twist four. Triangles are the data compilation from Baldini et al., [42] red squares
are JLAB 1 [43] and green squares are JLAB 2. [44]

It is apparent from (19) that the higher-twist components in the Fock expansion are relevant for
the computation of hadronic form factors, particularly for the time-like region which is particularly
sensitive to the detailed structure of the amplitudes. [65] Since the charge form factor is a diagonal
operator, the final expression for the form factor corresponding to the truncation up to twist four
is the sum of two terms, a monopole and a three-pole term. In the strongly coupled semiclassical
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Spacelike and Timelike Pion Form Factor
de Teramond, sjb
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Space-Like Dirac Proton Form Factor

• Consider the spin non-flip form factors

F+(Q2) = g+

⇤
d� J(Q, �)|⇥+(�)|2,

F�(Q2) = g�

⇤
d� J(Q, �)|⇥�(�)|2,

where the effective charges g+ and g� are determined from the spin-flavor structure of the theory.

• Choose the struck quark to have Sz = +1/2. The two AdS solutions ⇥+(�) and ⇥�(�) correspond

to nucleons with Jz = +1/2 and�1/2.

• For SU(6) spin-flavor symmetry

F p
1 (Q2) =

⇤
d� J(Q, �)|⇥+(�)|2,

Fn
1 (Q2) = �1

3

⇤
d� J(Q, �)

�
|⇥+(�)|2 � |⇥�(�)|2

⇥
,

where F p
1 (0) = 1, Fn

1 (0) = 0.

Exploring QCD, Cambridge, August 20-24, 2007 Page 52
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H
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final ⇤

H
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F p
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G. de Teramond, sjb 

From overlap of L = 1 and L = 0 LFWFs

AdS/QCD No 
chiral 

divergence!

F2(Q2) = 1 +O Q2

m�mp

in chiral perturbation theory
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Nucleon Transition Form Factors

• Compute spin non-flip EM transition N(940)⇥ N�(1440): �n=0,L=0
+ ⇥ �n=1,L=0

+

• Transition form factor

F1
p
N⇥N�(Q2) = R4

⇧
dz

z4
�n=1,L=0

+ (z)V (Q, z)�n=0,L=0
+ (z)

• Orthonormality of Laguerre functions
�
F1

p
N⇥N�(0) = 0, V (Q = 0, z) = 1

⇥

R4
⇧

dz

z4
�n⇥,L

+ (z)�n,L
+ (z) = �n,n⇥

• Find

F1
p
N⇥N�(Q2) =

2
⌅

2
3

Q2

M2
P⇤

1 + Q2

M2
�

⌅⇤
1 + Q2

M2
�⇥

⌅⇤
1 + Q2

M2

�
⇥⇥

⌅

withM�
2
n ⇥ 4⇥2(n + 1/2)

LC 2011 2011, Dallas, May 23, 2011 Page 21

de Teramond, sjb

Consistent with counting rule, twist 3
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Data from I. Aznauryan, et al. CLAS (2009)

IUSS, Ferrara, May 27, 2011 Page 31

Nucleon Transition Form Factors

• Compute spin non-flip EM transition N(940)⇥ N�(1440): �n=0,L=0
+ ⇥ �n=1,L=0

+

• Transition form factor

F1
p
N⇥N�(Q2) = R4

⇧
dz

z4
�n=1,L=0

+ (z)V (Q, z)�n=0,L=0
+ (z)

• Orthonormality of Laguerre functions
�
F1

p
N⇥N�(0) = 0, V (Q = 0, z) = 1

⇥

R4
⇧

dz

z4
�n⇥,L

+ (z)�n,L
+ (z) = �n,n⇥

• Find

F1
p
N⇥N�(Q2) =

2
⌅

2
3

Q2

M2
P⇤

1 + Q2

M2
�

⌅⇤
1 + Q2

M2
�⇥

⌅⇤
1 + Q2

M2

�
⇥⇥

⌅

withM�
2
n ⇥ 4⇥2(n + 1/2)

IUSS, Ferrara, May 27, 2011 Page 30

Nucleon Transition Form Factors

• Compute spin non-flip EM transition N(940)⇥ N�(1440): �n=0,L=0
+ ⇥ �n=1,L=0

+

• Transition form factor

F1
p
N⇥N�(Q2) = R4

⇧
dz

z4
�n=1,L=0

+ (z)V (Q, z)�n=0,L=0
+ (z)

• Orthonormality of Laguerre functions
�
F1

p
N⇥N�(0) = 0, V (Q = 0, z) = 1

⇥

R4
⇧

dz

z4
�n⇥,L

+ (z)�n,L
+ (z) = �n,n⇥

• Find

F1
p
N⇥N�(Q2) =

2
⌅

2
3

Q2

M2
P⇤

1 + Q2

M2
�

⌅⇤
1 + Q2

M2
�⇥

⌅⇤
1 + Q2

M2

�
⇥⇥

⌅

withM�
2
n ⇥ 4⇥2(n + 1/2)

IUSS, Ferrara, May 27, 2011 Page 30
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Note: Analytical Form of Hadronic Form Factor for Arbitrary Twist

• Form factor for a string mode with scaling dimension ⇥ , ⇥⇥ in the SW model

F (Q2) = �(⇥)
�

�
1+ Q2

4�2

⇥

�
�
⇥ + Q2

4�2

⇥ .

• For ⇥ = N , �(N + z) = (N � 1 + z)(N � 2 + z) . . . (1 + z)�(1 + z).

• Form factor expressed as N � 1 product of poles

F (Q2) =
1

1 + Q2

4�2

, N = 2,

F (Q2) =
2�

1 + Q2

4�2

⇥�
2 + Q2

4�2

⇥ , N = 3,

· · ·

F (Q2) =
(N � 1)!�

1 + Q2

4�2

⇥�
2 + Q2

4�2

⇥
· · ·

�
N�1+ Q2

4�2

⇥ , N.

• For large Q2:

F (Q2)⌅ (N � 1)!
⇤
4�2

Q2

⌅(N�1)

.

Exploring QCD, Cambridge, August 20-24, 2007 Page 43
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Predict hadron spectroscopy and dynamics

Excited Baryons in Holographic QCD G. de Teramond & sjb
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5 Non-Perturbative QCD Coupling From LF Holography
With A. Deur and S. J. Brodsky

• Consider five-dim gauge fields propagating in AdS5 space in dilaton background ⇧(z) = ⇤2z2

S = �1
4

�
d4x dz

⇧
g e⇥(z) 1

g2
5

G2

• Flow equation
1

g2
5(z)

= e⇥(z) 1
g2
5(0)

or g2
5(z) = e��2z2

g2
5(0)

where the coupling g5(z) incorporates the non-conformal dynamics of confinement

• YM coupling �s(⇥) = g2
Y M (⇥)/4⌅ is the five dim coupling up to a factor: g5(z)⌅ gY M (⇥)

• Coupling measured at momentum scale Q

�AdS
s (Q) ⇤

� ⇥

0
⇥d⇥J0(⇥Q)�AdS

s (⇥)

• Solution

�AdS
s (Q2) = �AdS

s (0) e�Q2/4�2
.

where the coupling �AdS
s incorporates the non-conformal dynamics of confinement

Hadron 2009, FSU, Tallahassee, December 1, 2009 Page 27

Running Coupling from  Modified AdS/QCD
Deur,  de Teramond, sjb
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Nearly conformal QCD?
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⇤ 1

0
dx
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Running Coupling from Light-Front Holography and AdS/QCD
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Sublimated Gluons

• AdS/QCD soft-wall model has confining potential . 
Gluon exchange absent.

• Coupling falls exponentially -- misses asymptotic 
freedom at large Q2

• Interpretation: Gluons sublimated into potential 
below 1 GeV2 virtuality

• Higher Fock states with extra quark-antiquark pairs, 
no gluons
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Light-Front QCD

Eigenvalues and Eigensolutions give Hadronic 
Spectrum and Light-Front wavefunctions

HQCD
LF |�h >= M2

h|�h >

HQCD
LF =

�

i

[
m2 + k2

�
x

]i + Hint
LF

Fig. 6. A few selected matrix elements of the QCD front form Hamiltonian H"P
!

in LB-convention.

10. For the instantaneous fermion lines use the factor ¼
"

in Fig. 5 or Fig. 6, or the corresponding
tables in Section 4. For the instantaneous boson lines use the factor ¼

#
.

The light-cone Fock state representation can thus be used advantageously in perturbation
theory. The sum over intermediate Fock states is equivalent to summing all x!-ordered diagrams
and integrating over the transverse momentum and light-cone fractions x. Because of the restric-
tion to positive x, diagrams corresponding to vacuum fluctuations or those containing backward-
moving lines are eliminated.

3.4. Example 1: ¹he qqN -scattering amplitude

The simplest application of the above rules is the calculation of the electron—muon scattering
amplitude to lowest non-trivial order. But the quark—antiquark scattering is only marginally more
difficult. We thus imagine an initial (q, qN )-pair with different flavors fOfM to be scattered off each
other by exchanging a gluon.

Let us treat this problem as a pedagogical example to demonstrate the rules. Rule 1: There are
two time-ordered diagrams associated with this process. In the first one the gluon is emitted by the
quark and absorbed by the antiquark, and in the second it is emitted by the antiquark and
absorbed by the quark. For the first diagram, we assign the momenta required in rule 2 by giving
explicitly the initial and final Fock states
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LQCD � HQCD
LF

Hint
LF : Matrix in Fock Space

Physical gauge: A+ = 0
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Exact formulation of nonperturbative QCD

Hint
LF
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Light-Front Schrödinger Equation�
� d2

d2�
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⇥
=M2⇥(�)
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i = 1

2

each Fock State
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p = Sz
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q + Lz
g = 1

2

Relativistic LF single-variable 
radial equation for QCD & QED

G. de Teramond, sjb  
1206.4365
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Frame Independent!
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Complex eigenvalues for excited states n>0

Related LF approaches: 
Pauli, Hiller, Chabysheva, Glazek



 

88

number of coupled integral eigenvalue equations, 
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where V is the interaction part of HLC. Diagrammatically, V involves completely 

irreducible interactions--i.e. diagrams having no internal propagators-coupling 

Fock states (Fig. 5). These equations determine the hadronic spectrum and 
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Figure 5. Coupled eigenvalue equations for the light-cone wa.vefunctious of a 

pion. 

wave functions. Although the potential is essentially trivial, the many channels 

required to describe an hadronic state make these equations very difficult to solve. 

Nevertheless the first attempts at a direct solution have been made. 

The bulk of the probability for a nonrelativistic system is in a single Fock 

state-e.g. (eE> for positronium, or Ibb) for the r meson. For such systems it 

is useful to replace the full set of multi-channel eigenvalue equations by a single 

equation for the dominant wavefunction. To see how this can be done, note that 

the bound state equation, say for positronium, can be rewritten as two equations 

using the projection operator P onto the subspace spanned by eE states, and its 

complement & E 1 - P: 

Hpp IPs)~ + HPQ IPs)~ = h4” IPs)p 

(29) 

H&p [Ps)~ + HQQ jP& = hf” h)g 

where H~Q E PHQ.. ., and lPsjp E P jPs) . . . . Solving the second of these 

equations for IPs)~ and substituting the result into the first equation, we obtain 

a single equation for the ee or valence part of the positronium state: 

Her [Ps)~ = Al2 IPS)P (30) 
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LIGHT-FRONT SCHRODINGER EQUATION

G.P. Lepage, sjbA+ = 0

⇥� ggg � d̄X

⇥� ggg � p̄n̄X

R = �(⇥�d̄X)
�(⇥�p̄n̄X)

R = C

ū(x) ⇥= d̄(x)

s̄(x) ⇥= s(x)

Direct connection to QCD Lagrangian



 

|p,Sz>= ∑
n=3

ψn(xi, ~k?i,λi)|n;k?i,λi>|p,Sz>= ∑
n=3

Ψn(xi,~k?i,λi)|n;~k?i,λi>

|p,Sz>= ∑
n=3

Ψn(xi,~k?i,λi)|n;~k?i,λi>

The Light Front Fock State Wavefunctions

Ψn(xi,~k?i,λi)

are boost invariant; they are independent of the hadron’s energy
and momentum Pµ.
The light-cone momentum fraction

xi =
k+
i
p+ =

k0i + kzi
P0+Pz

are boost invariant.
n

∑
i
k+
i = P+,

n

∑
i
xi = 1,

n

∑
i

~k?i =~0?.

sum over states with n=3, 4, ...constituents

Fixed LF time
Intrinsic heavy quarks    s̄(x) ⇤= s(x)

⇥M(x, Q0) ⇥
�

x(1� x)

⇤M(x, k2
⌅)

µR

µR = Q

µF = µR

Q/2 < µR < 2Q

ep⇥ e�+n

P�/p ⇤ 30%

Violation of Gottfried sum rule

ū(x) ⌅= d̄(x)

Does not produce (C = �) J/⇥,�

Produces (C = �) J/⇥,�

Same IC mechanism explains A2/3

s(x), c(x), b(x) at high x !
Nuclei: Hidden ColorMueller:  gluonic Fock states  >> BFKL 

Pomeron

Coupled. infinite set

Eigensolutions of  the LF Hamiltonian:
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Intrinsic glue, sea, 
heavy quarks

d̄(x) �= ū(x)
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Figure 2: Comparison of the HERMES x(s(x) + s̄(x)) data with the
calculations based on the BHPS model. The solid and dashed curves
are obtained by evolving the BHPS result to Q2 = 2.5 GeV2 using
µ = 0.5 GeV and µ = 0.3 GeV, respectively. The normalizations of
the calculations are adjusted to fit the data at x > 0.1 with statistical
errors only, denoted by solid circles.

their measurement of charged kaon production in SIDIS re-
action [6]. The HERMES data, shown in Fig. 2, exhibits
an intriguing feature. A rapid fall-off of the strange sea
is observed as x increases up to x ∼ 0.1, above which the
data become relatively independent of x. The data suggest
the presence of two different components of the strange
sea, one of which dominates at small x (x < 0.1) and the
other at larger x (x > 0.1). This feature is consistent
with the expectation that the strange-quark sea consists
of both the intrinsic and the extrinsic components hav-
ing dominant contributions at large and small x regions,
respectively. In Fig. 2 we compare the data with calcula-
tions using the BHPS model with ms = 0.5 GeV/c2. The
solid and dashed curves are results of the BHPS model
calculations evolved to Q2 = 2.5 GeV2 using µ = 0.5 GeV
and µ = 0.3 GeV, respectively. The normalizations are
obtained by fitting only data with x > 0.1 (solid circles in
Fig. 2), following the assumption that the extrinsic sea has
negligible contribution relative to the intrinsic sea in the
valence region. Figure 2 shows that the fits to the data are
quite adequate, allowing the extraction of the probability
of the |uudss̄〉 state as

Pss̄
5 = 0.024 (µ = 0.5 GeV);

Pss̄
5 = 0.029 (µ = 0.3 GeV). (4)

We consider next the quantity ū(x) + d̄(x) − s(x) −
s̄(x). Combining the HERMES data on x(s(x)+s̄(x)) with
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Figure 3: Comparison of the x(d̄(x)+ū(x)−s(x)−s̄(x)) data with the
calculations based on the BHPS model. The values of x(s(x)+ s̄(x))
are from the HERMES experiment [6], and those of x(d̄(x) + ū(x))
are obtained from the PDF set CTEQ6.6 [11]. The solid and dashed
curves are obtained by evolving the BHPS result to Q2 = 2.5 GeV2

using µ = 0.5 GeV and µ = 0.3 GeV, respectively. The normalization
of the calculations are adjusted to fit the data.

the x(d̄(x)+ ū(x)) distributions determined by the CTEQ
group (CTEQ6.6) [11], the quantity x(ū(x)+ d̄(x)−s(x)−
s̄(x)) can be obtained and is shown in Fig. 3. This ap-
proach for determining x(ū(x)+ d̄(x)−s(x)− s̄(x)) is iden-
tical to that used by Chen, Cao, and Signal in their recent
study of strange quark sea in the meson-cloud model [12].

An important property of ū + d̄ − s − s̄ is that the
contribution from the extrinsic sea vanishes, just like the
case for d̄− ū. Therefore, this quantity is only sensitive to
the intrinsic sea and can be compared with the calculation
of the intrinsic sea in the BHPS model. We have

ū(x) + d̄(x) − s(x)− s̄(x) =

Puū(xū) + P dd̄(xd̄)− 2P ss̄(xs̄). (5)

We can now compare the x(ū(x) + d̄(x) − s(x) − s̄(x))
data with the calculation using the BHPS model. Since
ū+ d̄−s− s̄ is a flavor non-singlet quantity, we can readily
evolve the BHPS prediction to Q2 = 2.5 GeV2 using µ =
0.5 GeV and the result is shown as the solid curve in Fig. 3.
It is interesting to note that a better fit to the data can
again be obtained with µ = 0.3 GeV, shown as the dashed
curve in Fig. 3.

From the comparison between the data and the BHPS
calculations shown in Figs. 1-3, we can determine the prob-
abilities for the |uuduū〉, |uuddd̄〉, and |uudss̄〉 configura-
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µ = 0.5 GeV and µ = 0.3 GeV, respectively. The normalizations of
the calculations are adjusted to fit the data at x > 0.1 with statistical
errors only, denoted by solid circles.
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is observed as x increases up to x ∼ 0.1, above which the
data become relatively independent of x. The data suggest
the presence of two different components of the strange
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are from the HERMES experiment [6], and those of x(d̄(x) + ū(x))
are obtained from the PDF set CTEQ6.6 [11]. The solid and dashed
curves are obtained by evolving the BHPS result to Q2 = 2.5 GeV2

using µ = 0.5 GeV and µ = 0.3 GeV, respectively. The normalization
of the calculations are adjusted to fit the data.

the x(d̄(x)+ ū(x)) distributions determined by the CTEQ
group (CTEQ6.6) [11], the quantity x(ū(x)+ d̄(x)−s(x)−
s̄(x)) can be obtained and is shown in Fig. 3. This ap-
proach for determining x(ū(x)+ d̄(x)−s(x)− s̄(x)) is iden-
tical to that used by Chen, Cao, and Signal in their recent
study of strange quark sea in the meson-cloud model [12].

An important property of ū + d̄ − s − s̄ is that the
contribution from the extrinsic sea vanishes, just like the
case for d̄− ū. Therefore, this quantity is only sensitive to
the intrinsic sea and can be compared with the calculation
of the intrinsic sea in the BHPS model. We have

ū(x) + d̄(x) − s(x)− s̄(x) =

Puū(xū) + P dd̄(xd̄)− 2P ss̄(xs̄). (5)

We can now compare the x(ū(x) + d̄(x) − s(x) − s̄(x))
data with the calculation using the BHPS model. Since
ū+ d̄−s− s̄ is a flavor non-singlet quantity, we can readily
evolve the BHPS prediction to Q2 = 2.5 GeV2 using µ =
0.5 GeV and the result is shown as the solid curve in Fig. 3.
It is interesting to note that a better fit to the data can
again be obtained with µ = 0.3 GeV, shown as the dashed
curve in Fig. 3.

From the comparison between the data and the BHPS
calculations shown in Figs. 1-3, we can determine the prob-
abilities for the |uuduū〉, |uuddd̄〉, and |uudss̄〉 configura-
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tions as follows:

Puū
5 = 0.122; Pdd̄

5 = 0.240; Pss̄
5 = 0.024

(µ = 0.5 GeV) (6)

or

Puū
5 = 0.162; Pdd̄

5 = 0.280; Pss̄
5 = 0.029

(µ = 0.3 GeV) (7)

depending on the value of the initial scale µ. It is re-
markable that the d̄(x) − ū(x), the s(x) + s̄(x), and the
d̄(x) + ū(x) − s(x)− s̄(x) data not only allow us to check
the predicted x-dependence of the five-quark Fock states,
but also provide a determination of the probabilities for
these states.

Equations 6 shows that the combined probability for
proton to be in the |uudQQ̄〉 states is around 40%. It is
worth noting that an earlier analysis of the d̄−ū data in the
meson cloud model concluded that proton has ∼60% prob-
ability to be in the three-quark bare-nucleon state [13], in
qualitative agreement with the finding of this study. A sig-
nificant feature of the present work is the extraction of the
|uudss̄〉 component, which would be related to the kaon-
hyperon states in the meson cloud model. It is also worth
mentioning that in the BHPS model the |uudQQ̄〉 states
have the same contribution to the proton’s magnetic mo-
ment as the |uud〉 three-quark state, since Q and Q̄ in the
|uudQQ̄〉 states have no net magnetic moment. Therefore,
the good description of the nucleon’s magnetic moment
by the constituent quark model is preserved even with the
inclusion of a sizable five-quark components in the BHPS
model.

We note that the probability for the |uudss̄〉 state is
smaller than those of the |uuduū〉 and the |uuddd̄〉 states.
This is consistent with the expectation that the probability
for the |uudQQ̄〉 five-quark state is roughly proportional
to 1/m2

Q [1, 4]. One can then estimate that the probability
for the intrinsic charm from the |uudcc̄〉 Fock state, Pcc̄

5 to
be roughly 0.01. This is also consistent with an estimate
based on the bag model [14], as well as with an analysis
of the EMC charm-production data [15]. Figure 4 shows
the x distribution of intrinsic c̄ calculated with the BHPS
model using 1.5 GeV/c2 for the mass of the charm quark.
Also shown in Fig. 4 is the calculation which evolve the
BHPS calculation from the initial scale, µ = 0.5 GeV, to
Q2 = 75 GeV2, the largest Q2 scale reached by EMC [16].
It is interesting to note that the intrinsic charm contents
at the large x (x > 0.3) region are drastically reduced
when Q2 evolution is taken into account. Figure 4 suggests
that the most promising region to search for evidence of
intrinsic charm could be at the somewhat lower x region
(0.1 < x < 0.4), rather than the largest x region explored
by previous experiments. It is worth noting that we adopt
the simple assumption that the initial scale is the same for
all five-quark states. It is conceivable that the initial scale
for intrinsic charm is significantly higher due to the larger
mass of the charmed quark. The dashed curve shows the x

x

c− BHPS
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BHPS (µ=0.5 GeV)
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Figure 4: Calculations of the c̄(x) distributions based on the BHPS
model. The solid curve corresponds to the calculation using Eq. 1
and the dashed and dotted curves are obtained by evolving the BHPS
result to Q2 = 75 GeV2 using µ = 3.0 GeV, and µ = 0.5 GeV,
respectively. The normalization is set at Pcc̄

5
= 0.01.

distribution of intrinsic c̄ at Q2 = 75 GeV2 when the initial
scale is set at µ = 3 GeV, corresponding to the threshold
of producing a pair of charmed quarks. As expected, the
shape of the intrinsic c̄ x distribution becomes similar to
that of the BHPS model.

In conclusion, we have generalized the existing BHPS
model to the light-quark sector and compared the calcu-
lation with the d̄− ū, s+ s̄, and ū + d̄ − s− s̄ data. The
qualitative agreement between the data and the calcula-
tions provides strong support for the existence of the in-
trinsic u, d and s quark sea and the adequacy of the BHPS
model. This analysis also led to the determination of the
probabilities for the five-quark Fock states for the proton
involving light quarks only. This result could guide future
experimental searches for the intrinsic c quark sea or even
the intrinsic b quark sea [17], which could be relevant for
the production of Higgs boson at LHC energies [18].
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ment as the |uud〉 three-quark state, since Q and Q̄ in the
|uudQQ̄〉 states have no net magnetic moment. Therefore,
the good description of the nucleon’s magnetic moment
by the constituent quark model is preserved even with the
inclusion of a sizable five-quark components in the BHPS
model.

We note that the probability for the |uudss̄〉 state is
smaller than those of the |uuduū〉 and the |uuddd̄〉 states.
This is consistent with the expectation that the probability
for the |uudQQ̄〉 five-quark state is roughly proportional
to 1/m2

Q [1, 4]. One can then estimate that the probability
for the intrinsic charm from the |uudcc̄〉 Fock state, Pcc̄

5 to
be roughly 0.01. This is also consistent with an estimate
based on the bag model [14], as well as with an analysis
of the EMC charm-production data [15]. Figure 4 shows
the x distribution of intrinsic c̄ calculated with the BHPS
model using 1.5 GeV/c2 for the mass of the charm quark.
Also shown in Fig. 4 is the calculation which evolve the
BHPS calculation from the initial scale, µ = 0.5 GeV, to
Q2 = 75 GeV2, the largest Q2 scale reached by EMC [16].
It is interesting to note that the intrinsic charm contents
at the large x (x > 0.3) region are drastically reduced
when Q2 evolution is taken into account. Figure 4 suggests
that the most promising region to search for evidence of
intrinsic charm could be at the somewhat lower x region
(0.1 < x < 0.4), rather than the largest x region explored
by previous experiments. It is worth noting that we adopt
the simple assumption that the initial scale is the same for
all five-quark states. It is conceivable that the initial scale
for intrinsic charm is significantly higher due to the larger
mass of the charmed quark. The dashed curve shows the x

x

c− BHPS
BHPS (µ=3.0 GeV)
BHPS (µ=0.5 GeV)

0

0.02

0.04

0.06

0.08

0.1

0 0.2 0.4 0.6 0.8 1

Figure 4: Calculations of the c̄(x) distributions based on the BHPS
model. The solid curve corresponds to the calculation using Eq. 1
and the dashed and dotted curves are obtained by evolving the BHPS
result to Q2 = 75 GeV2 using µ = 3.0 GeV, and µ = 0.5 GeV,
respectively. The normalization is set at Pcc̄

5
= 0.01.

distribution of intrinsic c̄ at Q2 = 75 GeV2 when the initial
scale is set at µ = 3 GeV, corresponding to the threshold
of producing a pair of charmed quarks. As expected, the
shape of the intrinsic c̄ x distribution becomes similar to
that of the BHPS model.

In conclusion, we have generalized the existing BHPS
model to the light-quark sector and compared the calcu-
lation with the d̄− ū, s+ s̄, and ū + d̄ − s− s̄ data. The
qualitative agreement between the data and the calcula-
tions provides strong support for the existence of the in-
trinsic u, d and s quark sea and the adequacy of the BHPS
model. This analysis also led to the determination of the
probabilities for the five-quark Fock states for the proton
involving light quarks only. This result could guide future
experimental searches for the intrinsic c quark sea or even
the intrinsic b quark sea [17], which could be relevant for
the production of Higgs boson at LHC energies [18].
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• Rigorous prediction of QCD, OPE

• Color-Octet Color-Octet Fock State! 

• Probability

• Large Effect at high x and at threshold!

• Greatly increases kinematics of colliders  such as Higgs production 
(Kopeliovich, Schmidt, Soffer, Goldhaber, sjb)

• Severely underestimated in conventional parameterizations of heavy quark 
distributions (Except CTEQ)

• Important corrections to penguin contributions to B-meson weak decays     
(Gardner, sjb)

• Slow evolution compared to extrinsic quarks from gluon splitting!

• Many empirical tests at JLAB 12, COMPASS

Intrinsic Heavy-Quark Fock States
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mi is the mass of quark i. Eq. 1 was solved analytically in
Ref. [1] for the limiting case of m4,5 >> mp,m1,2,3, where
mp is the proton mass. For the more general case, Eq. 1
can be solved numerically as discussed in Ref. [3]. In par-
ticular, the x distribution of Q̄ in the |uudQQ̄〉 state, called
PQQ̄(xQ̄), can be calculated numerically. The moment of

PQQ̄(xQ̄) is defined as PQQ̄
5 , namely,

PQQ̄
5 =

∫ 1

0

PQQ̄(xQ̄)dxQ̄. (2)

PQQ̄
5 represents the probability of the |uudQQ̄〉 five-quark

Fock state in the proton. In the limit ofm4,5 >> mp,m1,2,3,

one can obtain [1] PQQ̄
5 = N5/(3600m4

4,5). For the more

general case, the relation between PQQ̄
5 and N5 can be

calculated numerically [3].
To compare the experimental data with the prediction

based on the intrinsic five-quark Fock state, it is necessary
to separate the contributions of the intrinsic sea quark and
the extrinsic one. The d̄(x)− ū(x) is an example of quan-
tities which are free from the contributions of the extrinsic
sea quarks, since the perturbative g → QQ̄ processes will
generate uū and dd̄ pairs with equal probabilities and have
no contribution to this quantity. The d̄(x)−ū(x) data from
the Fermilab E866 Drell-Yan experiment at the Q2 scale of
54 GeV2 [7] are shown in Fig. 1. Also shown in Fig. 1 are
the data obtained at a lower scale of Q2 = 2.5 GeV2 by the
HERMES collaboration in a semi-inclusive deep-inelastic
scattering (SIDIS) experiment [8].

The BHPS model has a specific prediction on the shapes
of the x distributions for d̄ and ū, since these anti-quarks
originate from the |uuddd̄〉 and |uuduū〉 configurations and
can be readily calculated. In the BHPS model, the ū and d̄
are predicted to have the same x-dependence if mu = md.
However, the probabilities of the |uuddd̄〉 and |uuduū〉 con-
figurations, Pdd̄

5 and Puū
5 , are not known from the BHPS

model, and remain to be determined by the experiments.
Non-perturbative effects such as Pauli-blocking [9] could
lead to different probabilities for the |uuddd̄〉 and |uuduū〉
configurations. Nevertheless the shape of the d̄(x) − ū(x)
distribution shall be identical to those of d̄(x) and ū(x) in
the BHPS model. Moreover, the normalization of d̄(x) −
ū(x) is known from the measurement of Fermilab E866
Drell-Yan experiment [7] as

∫ 1

0

(d̄(x)− ū(x))dx = Pdd̄
5 −Puū

5 = 0.118± 0.012.(3)

Equation 3 allows us to compare the calculations from the
BHPS model with the d̄(x)− ū(x) data.

The d̄(x) − ū(x) distribution from the BHPS model is
first calculated using Eq. 1 with mu = md = 0.3 GeV/c2,
and mp = 0.938 GeV/c2, and Eq. 3 for the normalization.
Since the E866 and the HERMES data were obtained at
Q2 of 54 GeV2 and 2.5 GeV2, respectively, it is important
to evolve the d̄(x)− ū(x) distribution from the initial scale
µ, expected to be around the confinement scale, to the Q2
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Figure 1: Comparison of the d̄(x)−ū(x) data from Fermilab E866 and
HERMES with the calculations based on the BHPS model. Eq. 1
and Eq. 3 were used to calculate the d̄(x) − ū(x) distribution at
the initial scale. The distribution was then evolved to the Q2 of
the experiments and shown as various curves. Two different initial
scales, µ = 0.5 and 0.3 GeV, were used for the E866 calculations in
order to illustrate the dependence on the choice of the initial scale.

corresponding to the data. As d̄(x)− ū(x) is a flavor non-
singlet parton distribution, its evolution from µ to Q only
depends on the values of d̄(x)− ū(x) at the initial scale µ,
and can be readily calculated using the non-singlet evolu-
tion equation [5]. For the initial scale, we adopt the value
of µ = 0.5 GeV, which was chosen by Glück, Reya, and
Vogt [10] in the so-called “dynamical approach” using only
valence-like distributions at the initial µ2 scale and relying
on evolution to generate the quark and gluon distributions
at higher Q2.

The solid and dashed curves in Fig. 1 correspond to
d̄(x) − ū(x) calculated from the BHPS model evolved to
Q2 = 54 GeV2 using µ = 0.5 and 0.3 GeV, respectively.
The x-dependence of the E866 d̄(x)−ū(x) data is quite well
described by the five-quark Fock states in the BHPS model
provided that the Q2-evolution is taken into consideration.
It is interesting to note that an excellent fit to the data
can be obtained if µ = 0.3 GeV is chosen (dashed curve in
Fig. 1) rather than the more conventional value of µ = 0.5
GeV. Also shown in Fig. 1 are the calculations with the
BHPS model evolved to Q2 = 2.5 GeV2 using µ = 0.5 GeV
and µ = 0.3 GeV. The calculations are in agreement with
the HERMES data within the experimental uncertainties.

We now consider the extraction of the |uudss̄〉 five-
quark component from existing data. The HERMES col-
laboration reported the determination of x(s(x) + s̄(x))
over the range of 0.02 < x < 0.5 at Q2 = 2.5 GeV2 from
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tities which are free from the contributions of the extrinsic
sea quarks, since the perturbative g → QQ̄ processes will
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Figure 1: Comparison of the d̄(x)−ū(x) data from Fermilab E866 and
HERMES with the calculations based on the BHPS model. Eq. 1
and Eq. 3 were used to calculate the d̄(x) − ū(x) distribution at
the initial scale. The distribution was then evolved to the Q2 of
the experiments and shown as various curves. Two different initial
scales, µ = 0.5 and 0.3 GeV, were used for the E866 calculations in
order to illustrate the dependence on the choice of the initial scale.
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of µ = 0.5 GeV, which was chosen by Glück, Reya, and
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at higher Q2.

The solid and dashed curves in Fig. 1 correspond to
d̄(x) − ū(x) calculated from the BHPS model evolved to
Q2 = 54 GeV2 using µ = 0.5 and 0.3 GeV, respectively.
The x-dependence of the E866 d̄(x)−ū(x) data is quite well
described by the five-quark Fock states in the BHPS model
provided that the Q2-evolution is taken into consideration.
It is interesting to note that an excellent fit to the data
can be obtained if µ = 0.3 GeV is chosen (dashed curve in
Fig. 1) rather than the more conventional value of µ = 0.5
GeV. Also shown in Fig. 1 are the calculations with the
BHPS model evolved to Q2 = 2.5 GeV2 using µ = 0.5 GeV
and µ = 0.3 GeV. The calculations are in agreement with
the HERMES data within the experimental uncertainties.

We now consider the extraction of the |uudss̄〉 five-
quark component from existing data. The HERMES col-
laboration reported the determination of x(s(x) + s̄(x))
over the range of 0.02 < x < 0.5 at Q2 = 2.5 GeV2 from
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Figure 2: Comparison of the HERMES x(s(x) + s̄(x)) data with the
calculations based on the BHPS model. The solid and dashed curves
are obtained by evolving the BHPS result to Q2 = 2.5 GeV2 using
µ = 0.5 GeV and µ = 0.3 GeV, respectively. The normalizations of
the calculations are adjusted to fit the data at x > 0.1 with statistical
errors only, denoted by solid circles.

their measurement of charged kaon production in SIDIS re-
action [6]. The HERMES data, shown in Fig. 2, exhibits
an intriguing feature. A rapid fall-off of the strange sea
is observed as x increases up to x ∼ 0.1, above which the
data become relatively independent of x. The data suggest
the presence of two different components of the strange
sea, one of which dominates at small x (x < 0.1) and the
other at larger x (x > 0.1). This feature is consistent
with the expectation that the strange-quark sea consists
of both the intrinsic and the extrinsic components hav-
ing dominant contributions at large and small x regions,
respectively. In Fig. 2 we compare the data with calcula-
tions using the BHPS model with ms = 0.5 GeV/c2. The
solid and dashed curves are results of the BHPS model
calculations evolved to Q2 = 2.5 GeV2 using µ = 0.5 GeV
and µ = 0.3 GeV, respectively. The normalizations are
obtained by fitting only data with x > 0.1 (solid circles in
Fig. 2), following the assumption that the extrinsic sea has
negligible contribution relative to the intrinsic sea in the
valence region. Figure 2 shows that the fits to the data are
quite adequate, allowing the extraction of the probability
of the |uudss̄〉 state as

Pss̄
5 = 0.024 (µ = 0.5 GeV);

Pss̄
5 = 0.029 (µ = 0.3 GeV). (4)

We consider next the quantity ū(x) + d̄(x) − s(x) −
s̄(x). Combining the HERMES data on x(s(x)+s̄(x)) with
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Figure 3: Comparison of the x(d̄(x)+ū(x)−s(x)−s̄(x)) data with the
calculations based on the BHPS model. The values of x(s(x)+ s̄(x))
are from the HERMES experiment [6], and those of x(d̄(x) + ū(x))
are obtained from the PDF set CTEQ6.6 [11]. The solid and dashed
curves are obtained by evolving the BHPS result to Q2 = 2.5 GeV2

using µ = 0.5 GeV and µ = 0.3 GeV, respectively. The normalization
of the calculations are adjusted to fit the data.

the x(d̄(x)+ ū(x)) distributions determined by the CTEQ
group (CTEQ6.6) [11], the quantity x(ū(x)+ d̄(x)−s(x)−
s̄(x)) can be obtained and is shown in Fig. 3. This ap-
proach for determining x(ū(x)+ d̄(x)−s(x)− s̄(x)) is iden-
tical to that used by Chen, Cao, and Signal in their recent
study of strange quark sea in the meson-cloud model [12].

An important property of ū + d̄ − s − s̄ is that the
contribution from the extrinsic sea vanishes, just like the
case for d̄− ū. Therefore, this quantity is only sensitive to
the intrinsic sea and can be compared with the calculation
of the intrinsic sea in the BHPS model. We have

ū(x) + d̄(x) − s(x)− s̄(x) =

Puū(xū) + P dd̄(xd̄)− 2P ss̄(xs̄). (5)

We can now compare the x(ū(x) + d̄(x) − s(x) − s̄(x))
data with the calculation using the BHPS model. Since
ū+ d̄−s− s̄ is a flavor non-singlet quantity, we can readily
evolve the BHPS prediction to Q2 = 2.5 GeV2 using µ =
0.5 GeV and the result is shown as the solid curve in Fig. 3.
It is interesting to note that a better fit to the data can
again be obtained with µ = 0.3 GeV, shown as the dashed
curve in Fig. 3.

From the comparison between the data and the BHPS
calculations shown in Figs. 1-3, we can determine the prob-
abilities for the |uuduū〉, |uuddd̄〉, and |uudss̄〉 configura-
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calculations based on the BHPS model. The solid and dashed curves
are obtained by evolving the BHPS result to Q2 = 2.5 GeV2 using
µ = 0.5 GeV and µ = 0.3 GeV, respectively. The normalizations of
the calculations are adjusted to fit the data at x > 0.1 with statistical
errors only, denoted by solid circles.
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are obtained from the PDF set CTEQ6.6 [11]. The solid and dashed
curves are obtained by evolving the BHPS result to Q2 = 2.5 GeV2

using µ = 0.5 GeV and µ = 0.3 GeV, respectively. The normalization
of the calculations are adjusted to fit the data.
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s̄(x)) can be obtained and is shown in Fig. 3. This ap-
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An important property of ū + d̄ − s − s̄ is that the
contribution from the extrinsic sea vanishes, just like the
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J êY: m1 = 1.25 GeV, m2 = 0

In[13]:=

Plot3D@psi@x, b, 1.25, 1.25, 0.375D, 8x, 0.0001, 0.9999<,

8b, 0.0001, 25 <, PlotPoints Ø 35, ViewPoint Ø 81.2, 1.4, 0.3<,

AspectRatio Ø 1.1, PlotRange -> 880, 1<, 80, 20<, 80, 0.3<<D
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QCD Problem Solved if quark and gluon condensates reside within hadrons, not vacuum!

�� = 0.76(expt)
(��)EW � 1056

(��)QCD � 1045

June 10, 2008 12:22 WSPC/Guidelines-MPLA 02770

Modern Physics Letters A
Vol. 23, Nos. 17–20 (2008) 1336–1345
c© World Scientific Publishing Company

DARK ENERGY AND
THE COSMOLOGICAL CONSTANT PARADOX

A. ZEE

Department of Physics, University of California, Santa Barbara, CA 93106, USA
Kavil Institute for Theoretical Physics, University of California,

Santa Barbara, CA 93106, USA
zee@kitp.ucsb.edu

I give a brief and idiosyncratic overview of the cosmological constant paradox.

1.

Gravity knows about everything, whatever its origin, luminous or dark, even the
energy contained in fluctuating quantum fields.

As is well known, this leads us to one of the gravest puzzles of theoretical
physics. Consider the Feynman diagram with the graviton coupling to a matter
field (for example an electron field) loop. If we claim to understand the physics
of the electron field up to an energy scale of M, then the graviton sees an energy
density given schematically by Λ ∼ M 4 + M2m2

elog( M
me

) + m4
elog( M

me
) + · · · . Just

about any reasonable choice of M leads to a humongous energy density!!! In fact,
even if the first two terms were to be mysteriously deleted, there is still an energy
density of order m4

e, that is, an energy density corresponding to one electron mass
in a volume the size of the Compton wavelength of the electron, filling all of space,
which is clearly unacceptable.

Apparently, this disastrous prediction of quantum field theory has nothing to
do with quantum gravity. Indeed, the quantum field theory we need for the matter
field is merely free field theory: we are just adding up zero point energy of harmonic
oscillators.

The cosmological constant paradox may be summarized as follows. In some
suitable units, the cosmological constant was expected to have the value ∼ 10123.
This was so huge that it was decreed to be equal to = 0 identically, while the
measured value turned out to be ∼ 1. I have argued elsewhere that the proton
decay rate might offer an instructive lesson here.

I am presuming that the observed dark energy is the fabled cosmological con-
stant. The evidence seems increasingly to favor this simplest of hypotheses. Even
if this were not the case, much of the paradox still remains.

I define Λ by writing the Einstein-Hilbert action as
∫

d4x
√

g( 1
GR+Λ). It is useful

1336

“One of the gravest puzzles of 
theoretical physics”
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(⌦⇤)QCD /< 0|qq̄|0 >4

Proc.Nat.Acad.Sci. 108 (2011) 45-50 “Condensates in Quantum Chromodynamics and the Cosmological Constant”R. Shrock, sjb

C. Roberts, R. Shrock, P. Tandy, sjb “New Perspectives on the Quark Condensate”Phys.Rev. C82 (2010) 022201



Why Identify the Instant-Form Vacuum 
with the Empty Universe?

110

• Instant-Form Vacuum defined at fixed time t

• Acausal, Frame-dependent!  Not measureable.

• Vacuum: Eigenstate of minimum energy - frame 
dependent

• Non-Trivial even in QED - filled with bubbles- must 
normal order!!

• Form Factors are not overlaps of  boosted WFs -- add 
vacuum-induced currents!!!  Cannot calculate any 
observable.

• Vacuum loops -- huge cosmological constant 10120 !!!!

•Instant Form Vacuum is not a match to the 

H| >= E| >,E = Emin

Vacuum loops -- huge cosmological constant 10120 !!!!
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Causal LF Vacuum
• Front-Form Vacuum defined at fixed light-front time τ

• τ = t +z/c reduces to ordinary time in NR limit

• Causal, Frame-independent

• State of minimum invariant mass

• Can Describe Empty Universe!

• Trivial in QED since k+ > 0

• Form Factors are overlaps of LFWFs

• Dual to AdS/QCD using LF Holography

• In-Hadron Condensates: Zero Cosmological Constant 
from QCD, QED!

HLF | >= M2| >,M2 = M2
min = 0
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• Loop diagrams of all orders contribute; Frame-Dependent

• Huge vacuum energy?

•                                              Cutoff quad divergent at Planck scale?

• Why not use :Normal order: prescription?

• Divide S-matrix by disconnected vacuum diagrams

• Contrast: Light-Front Vacuum empty since plus momenta are  
positive and conserved:                                                                          
ΩΛ=ZERO!

k+ = k0 + k3 > 0

E

V
=

Z
d3k

2(2⇡)3

q
~k2 + m2

⌦⇤ ⇠ 10120

Instant Form Vacuum in QED

112

e+

e�
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⇣: renormalization scale

Derived in current algebra using an effective pion field

How is this modified in QCD for a composite pion?

What is the evidence for a nonzero vacuum quark condensate?
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Gell-Mann Oakes Renner Formula in QCD

current algebra: 
effective pion field

QCD: composite  pion
Bethe-Salpeter Eq.

vacuum condensate actually is an “in-hadron condensate”

Maris, Roberts, Tandy⇡� < 0|q̄�5q|⇡ >

m2
⇡ = � (mu + md)

f⇡
< 0|iq̄�5q|⇡ >

m2
⇡ = � (mu + md)

f2
⇡

< 0|q̄q|0 >
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�⇡(k;P ) = i�5E⇡(k, P ) + �5� · PF⇡(k;P )
+�5� · kG⇡(k;P )� �5�µ⌫kµP ⌫H⇡(k;P )

⇡��⇡(k;P )
P/2 + k

P/2� k

< 0|q̄�5q|⇡ >< 0|q̄�5�µq|⇡ >Allows both and

General Form  of  Bethe-Salpeter Wavefunction

⇡�
+

⇡�

ū

-

d

-

-
Sz = 0, Lz = 0 Sz = �1, Lz = +1

LFWFs
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Ward-Takahashi Identity for axial current

Pµ�5µ(k, P ) + 2im�5(k, P ) = S�1(k + P/2)i�5 + i�5S
�1(k � P/2)

S�1(`) = i� · `A(`2) + B(`2) m(`2) =
B(`2)
A(`2)

Pµ �5�
µ

=
2im�5

Pµ < 0|q̄�5�
µq|⇡ >= 2m < 0|q̄i�5q|⇡ >

Identify pion pole at P 2
= m2

⇡

f⇡m2
⇡ = �(mu + md)⇢⇡

plus non-pole
�5µ

�5
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Gell-Mann Oakes Renner Formula in QCD

current algebra: 
effective pion field

QCD: composite  pion
Bethe-Salpeter Eq.

vacuum condensate actually is an “in-hadron condensate”

Maris, Roberts, Tandy⇡� < 0|q̄�5q|⇡ >

m2
⇡ = � (mu + md)

f⇡
< 0|iq̄�5q|⇡ >

m2
⇡ = � (mu + md)

f2
⇡

< 0|q̄q|0 >



 

i⇢H
⇣ ⌘

�hqq̄iH⇣
fH

= Z4

Z ⇤ d4q

(2⇡)4
1
2
⇥
TH�5S(

1
2
P + q))�H(q;P )S(

1
2
P � q))

⇤

fHm2
H = �⇢H

⇣ MH

fHPµ = Z2

Z ⇤ d4q

(2⇡)4
1
2
⇥
TH�5�

µS(
1
2
P + q))�H(q;P )S(

1
2
P � q))

⇤

Maris, Roberts, Tandy

Bethe-Salpeter Analysis

MH =
P

q2H mq

fH Meson Decay Constant

TH flavor projection operator,

Z2(⇤), Z4(⇤) renormalization constants

S(p) dressed quark propagator

�H(q;P ) = F.T.hH| (xa)

¯ (xb)|0i
Bethe-Salpeter bound-state vertex amplitude.

ū

d

�5, �5�
µ

⇡�
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renormalization scale ⇣

⇢H = � < 0|q̄�5q|H >

⇢⇡ ⇠ (0.4 GeV)2 at ⇣ = 1 GeV2
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-

ū

⇡� d

+

-⇡� d

+
-

ū

< ⇡|�̄µq�5q|0 >

Lz = +1, Sz = �1

Lz = 0, Sz = 0

Running constituent mass at vertex

-

Couples to

Angular 
Momentum 

Conservation

⇠ f⇡

< ⇡|q̄�5q|0 > ⇠ ⇢⇡

Jz =
nX

i

Sz
i +

n�1X

i

Lz
i

Light-Front Pion Valence Wavefunctions
Sz

ū + Sz
d = +1/2� 1/2 = 0

Sz
ū + Sz

d = �1/2� 1/2 = �1
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• QCD gluon loop corrections increase running mass

• Dyson-Schwinger model predictions

• Effects of higher Fock states:                                                 
spontaneous chiral symmetry breaking

• All effects within confinement domain 

• IR cutoff from confinement/bound state

120

Lei Chang, et al.

Casher & Susskind

S�1(p) = i� · p A(p2) + B(p2)

m(p2) =
B(p2)
A(p2)

Alkofer, Roberts et al.

Running mass enhanced within Hadron Wavefunction

No. X Lei Chang et al: Exploring the light-quark interaction 2
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Fig. 1. Dressed-quark mass function, M(p):

solid curves – DSE results,[6, 7] “data” – nu-

merical simulations of unquenched lattice-

QCD.[8] In this figure one observes the

current-quark of perturbative QCD evolving

into a constituent-quark as its momentum be-

comes smaller. The constituent-quark mass

arises from a cloud of low-momentum glu-

ons attaching themselves to the current-quark.

This is dynamical chiral symmetry breaking:

an essentially nonperturbative effect that gen-

erates a quark mass from nothing ; namely, it

occurs even in the chiral limit.

tion of the integral, with Λ the regularisation mass-
scale, Dµν is the renormalised dressed-gluon prop-
agator, Γν is the renormalised dressed-quark-gluon
vertex, and mbm is the quark’s Λ-dependent bare
current-mass. The vertex and quark wave-function
renormalisation constants, Z1,2(ζ2,Λ2), depend on
the gauge parameter. The solution to Eq. (1) has the
form

S(p) =
Z(p2,ζ2)

iγ ·p+M(p2)
(2)

and it is important that the mass function, M(p2) =
B(p2,ζ2)/A(p2,ζ2) is independent of the renormalisa-
tion point, ζ. The form this function takes in QCD
is depicted in Fig. 1.

The behaviour of the dressed-quark mass function
is one of the most remarkable features of the Standard
Model. In perturbation theory it is impossible in the
chiral limit to obtain M(p2) != 0: the generation of
mass from nothing is an essentially nonperturbative
phenomenon. On the other hand, it is a longstand-
ing prediction of nonperturbative DSE studies that
DCSB will occur so long as the integrated infrared
strength possessed by the gap equation’s kernel ex-
ceeds some critical value.[2] There are strong indica-
tions that this condition is satisfied in QCD.[6–8]

It follows that the quark-parton of QCD acquires
a momentum-dependent mass, which at infrared mo-

menta is roughly 100-times larger than the light-
quark current-mass. This effect owes primarily to a
dense cloud of gluons that clothes a low-momentum
quark. It means that the Higgs mechanism is largely
irrelevant to the bulk of normal matter in the uni-
verse. Instead, the single most important mass gener-
ating mechanism for light-quark hadrons is the strong
interaction effect of DCSB; e.g., one may identify it
as being responsible for 98% of a proton’s mass.

Confinement can be connected with the analytic
properties of QCD’s Schwinger functions.[2, 4, 5, 9] In-
deed, the presence of an inflexion point in the DSE
prediction for the dressed-quark mass function, which
lattice simulations may be argued to confirm, sig-
nals confinement of the dressed-quark.[4] Kindred be-
haviour is observed in the gluon and ghost self-
energies.[10, 11]

From this standpoint the question of light-quark
confinement can be translated into the challenge of
charting the infrared behavior of QCD’s universal β-
function. (Although this function may depend on the
scheme chosen to renormalise the theory, it is unique
within a given scheme.) This is a well-posed problem
whose solution is an elemental goal of modern hadron
physics and which can be addressed in any framework
enabling the nonperturbative evaluation of renormal-
isation constants.

Through the gap and Bethe-Salpeter equations
(BSEs) the pointwise behaviour of the β-function de-
termines the nature of chiral symmetry breaking; e.g.,
the evolution in Fig. 1. Moreover, the fact that DSEs
connect the β-function to experimental observables
entails that comparison between computations and
observations of hadron properties can be used to chart
the β-function’s long-range behaviour.

2 DSE truncations:

preserving symmetry

In order to realise this goal a nonperturbative
symmetry-preserving DSE truncation is necessary.
Steady quantitative progress continues with a scheme
that is systematically improvable.[12, 13] Indeed, its
mere existence has enabled the proof of exact non-
perturbative results in QCD. Amongst them are ve-
racious statements about the η-η′ complex and π0-
η-η′ mixing, with predictions of θηη′ = −15◦ and
θπ0η = 1◦.[14] Only studies that are demonstrably con-
sistent with the results proved therein can be consid-
ered seriously.

It is also true that significant qualitative ad-
vances can be made with symmetry-preserving kernel

Shrock, sjb 
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S�1(p) = i� · p A(p2) + B(p2) m(p2) =
B(p2)
A(p2)

Running quark mass in QCD

Dyson-Schwinger

No. X Lei Chang et al: Exploring the light-quark interaction 2
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Fig. 1. Dressed-quark mass function, M(p):

solid curves – DSE results,[6, 7] “data” – nu-

merical simulations of unquenched lattice-

QCD.[8] In this figure one observes the

current-quark of perturbative QCD evolving

into a constituent-quark as its momentum be-

comes smaller. The constituent-quark mass

arises from a cloud of low-momentum glu-

ons attaching themselves to the current-quark.

This is dynamical chiral symmetry breaking:

an essentially nonperturbative effect that gen-

erates a quark mass from nothing ; namely, it

occurs even in the chiral limit.

tion of the integral, with Λ the regularisation mass-
scale, Dµν is the renormalised dressed-gluon prop-
agator, Γν is the renormalised dressed-quark-gluon
vertex, and mbm is the quark’s Λ-dependent bare
current-mass. The vertex and quark wave-function
renormalisation constants, Z1,2(ζ2,Λ2), depend on
the gauge parameter. The solution to Eq. (1) has the
form

S(p) =
Z(p2,ζ2)

iγ ·p+M(p2)
(2)

and it is important that the mass function, M(p2) =
B(p2,ζ2)/A(p2,ζ2) is independent of the renormalisa-
tion point, ζ. The form this function takes in QCD
is depicted in Fig. 1.

The behaviour of the dressed-quark mass function
is one of the most remarkable features of the Standard
Model. In perturbation theory it is impossible in the
chiral limit to obtain M(p2) != 0: the generation of
mass from nothing is an essentially nonperturbative
phenomenon. On the other hand, it is a longstand-
ing prediction of nonperturbative DSE studies that
DCSB will occur so long as the integrated infrared
strength possessed by the gap equation’s kernel ex-
ceeds some critical value.[2] There are strong indica-
tions that this condition is satisfied in QCD.[6–8]

It follows that the quark-parton of QCD acquires
a momentum-dependent mass, which at infrared mo-

menta is roughly 100-times larger than the light-
quark current-mass. This effect owes primarily to a
dense cloud of gluons that clothes a low-momentum
quark. It means that the Higgs mechanism is largely
irrelevant to the bulk of normal matter in the uni-
verse. Instead, the single most important mass gener-
ating mechanism for light-quark hadrons is the strong
interaction effect of DCSB; e.g., one may identify it
as being responsible for 98% of a proton’s mass.

Confinement can be connected with the analytic
properties of QCD’s Schwinger functions.[2, 4, 5, 9] In-
deed, the presence of an inflexion point in the DSE
prediction for the dressed-quark mass function, which
lattice simulations may be argued to confirm, sig-
nals confinement of the dressed-quark.[4] Kindred be-
haviour is observed in the gluon and ghost self-
energies.[10, 11]

From this standpoint the question of light-quark
confinement can be translated into the challenge of
charting the infrared behavior of QCD’s universal β-
function. (Although this function may depend on the
scheme chosen to renormalise the theory, it is unique
within a given scheme.) This is a well-posed problem
whose solution is an elemental goal of modern hadron
physics and which can be addressed in any framework
enabling the nonperturbative evaluation of renormal-
isation constants.

Through the gap and Bethe-Salpeter equations
(BSEs) the pointwise behaviour of the β-function de-
termines the nature of chiral symmetry breaking; e.g.,
the evolution in Fig. 1. Moreover, the fact that DSEs
connect the β-function to experimental observables
entails that comparison between computations and
observations of hadron properties can be used to chart
the β-function’s long-range behaviour.

2 DSE truncations:

preserving symmetry

In order to realise this goal a nonperturbative
symmetry-preserving DSE truncation is necessary.
Steady quantitative progress continues with a scheme
that is systematically improvable.[12, 13] Indeed, its
mere existence has enabled the proof of exact non-
perturbative results in QCD. Amongst them are ve-
racious statements about the η-η′ complex and π0-
η-η′ mixing, with predictions of θηη′ = −15◦ and
θπ0η = 1◦.[14] Only studies that are demonstrably con-
sistent with the results proved therein can be consid-
ered seriously.

It is also true that significant qualitative ad-
vances can be made with symmetry-preserving kernel

Chang, Cloet, 
El-Bennich

Klahn, Roberts

Consistent with EW input 
at high p2

Survives even at m=0!

Spontaneous Chiral 
Symmetry Breaking!
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• Condensates do not exist as space-time-independent 
phenomena

• Property of hadron wavefunctions: Bethe-Salpeter or Light-
Front:   “In-Hadron Condensates”

• Find:

• Zero contribution to cosmological constant!     Included in 
hadron mass

• ρπ  is proportional to mq -- enhanced running mass from 
gluon loops / multiparton Fock states

Summary on QCD `Condensates’

123

< 0|q̄q|0 >

f⇡
! � < 0|iq̄�5q|⇡ >= ⇢⇡

< 0|q̄i�5q|⇡ > similar to < 0|q̄�µ�5q|⇡ >



 
 QCD at the Light Front  Stan Brodsky

Warsaw
 July  3, 2012

RAPID COMMUNICATIONS

PHYSICAL REVIEW C 82, 022201(R) (2010)

New perspectives on the quark condensate
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We show that the chiral-limit vacuum quark condensate is qualitatively equivalent to the pseudoscalar meson
leptonic decay constant in the sense that they are both obtained as the chiral-limit value of well-defined gauge-
invariant hadron-to-vacuum transition amplitudes that possess a spectral representation in terms of the current-
quark mass. Thus, whereas it might sometimes be convenient to imagine otherwise, neither is essentially a constant
mass-scale that fills all spacetime. This means, in particular, that the quark condensate can be understood as a
property of hadrons themselves, which is expressed, for example, in their Bethe-Salpeter or light-front wave
functions.

DOI: 10.1103/PhysRevC.82.022201 PACS number(s): 11.30.Rd, 14.40.Be, 24.85.+p, 11.15.Tk

Nonzero vacuum expectation values of local operators,
i.e., condensates, are introduced as parameters in QCD sum
rules, which are used to estimate essentially nonperturbative
strong-interaction matrix elements. They are also basic to
current algebra analyses. It is widely held that such quark
and gluon condensates have a physical existence, which is
independent of the hadrons that express QCD’s asymptotically
realizable degrees-of-freedom; namely, that these condensates
are not merely mass-dimensioned parameters in a theoretical
truncation scheme, but in fact describe measurable spacetime-
independent configurations of QCD’s elementary degrees-of-
freedom in a hadronless ground state.

We share the view that these condensates are fundamental
dynamically-generated mass-scales in QCD. However, we
shall argue that their measurable impact is entirely expressed
in the properties of QCD’s asymptotically realizable states;
namely hadrons. In taking this position we have assumed
confinement, from which follows quark-hadron duality and
hence that all observable consequences of QCD can, in
principle, be computed using a hadronic basis. Here, the term
“hadron” means any one of the states or resonances in the
complete spectrum of color-singlet bound states generated by
the theory.

We focus herein on 〈0|q̄q|0〉, where |0〉 is viewed as
some hadronless ground state of QCD. This is the vacuum
quark condensate. Its nonzero value is usually held to signal
dynamical chiral symmetry breaking (DCSB), a concept
of critical importance in QCD, whose connection with the
dressed-quark propagator was anticipated [1–5] (see also
references therein). As reviewed elsewhere (most recently,
e.g., Refs. [6–8]), DCSB is a remarkably efficient mass-
generating mechanism, the origin of constituent-quark masses
and intimately connected with confinement. It is also the basis
for the successful application of chiral-effective field theories
(see, e.g., Refs. [9,10] for contemporary perspectives). On the
face of it, this seems far more than can be understood simply
in terms of a nonzero vacuum expectation value 〈0|q̄q|0〉.

The notion that nonzero vacuum condensates exist and
possess a measurable reality has long been recognized as
posing a conundrum for the light-front formulation of QCD.
This formulation follows from Dirac’s front form of relativistic
dynamics [11], and is widely and efficaciously employed
in perturbative and nonperturbative QCD [12,13]. In the
light-front formulation, the ground state is a structureless Fock
space vacuum, in which case it would seem to follow that
DCSB is impossible. In response, it was argued by Casher
and Susskind [14] that, in the light-front framework, DCSB
must be a property of hadron wave functions, not of the
vacuum. This thesis has also been explored in a series of recent
articles [15–17].

A nonzero spacetime-independent QCD vacuum conden-
sate also poses a critical dilemma for gravitational interactions
because it would lead to a cosmological constant some
45 orders of magnitude larger than observation. As noted
elsewhere [15], this conflict is avoided if strong interaction
condensates are properties of rigorously well-defined wave
functions of the hadrons, rather than the hadronless ground
state of QCD.

Given the importance of DCSB and the longstanding
puzzles described above, we will focus our attention on
the vacuum quark condensate. The essential issues become
particularly clear in the context of the Gell-Mann–Oakes–
Renner relation [18,19], which is usually understood as the
statement

f 2
π m2

π = −
(
mu

ζ + md
ζ

)
〈q̄q〉0

ζ , (1)

wherein mπ is the pion’s mass; fπ is its leptonic decay
constant; m

q
ζ , with q = u, d, is the current-quark mass at a

renormalization scale ζ ; and 〈q̄q〉0
ζ is the chiral-limit vacuum

quark condensate, with a precise definition of the chiral limit
given below in Eqs. (8), (9). In arriving at Eq. (1) using
standard methods, one makes truncations; namely, soft-pion
techniques [20] have been used to relate an in-pion matrix
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• Eliminates  45 orders of magnitude conflict
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Chiral Symmetry Breaking in AdS/QCD 

A � mq B �< �̄� >

We consider the action of the X field which encodes the e⇥ects of CSB in
AdS/QCD:

SX =
⌥

d4xdz
⌅

g
⇤
g⌅m⌅⌅X⌅mX � µ2

XX2
⌅
, (1)

with equations of motion

z3⌅z

⇧
1
z3

⌅zX

⌃
� ⌅⇥⌅

⇥X �
⇧

µXR

z

⌃2

X = 0. (2)

The zero mode has no variation along Minkowski coordinates

⌅µX(x, z) = 0,

thus the equation of motion reduces to
�
z2⌅2

z � 3z ⌅z + 3
⇥
X(z) = 0. (3)

for (µXR)2 = �3, which corresponds to scaling dimension �X = 3. The solution
is

X(z) = ⇥X⇤ = Az + Bz3, (4)

where A and B are determined by the boundary conditions.

Erlich, Katz, Son, Stephanov
Babington, Erdmenger, Evans, 

Kirsch, Guralnik, Thelfall 

Expectation value with  z3 taken inside hadron - not  VEV!
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• Chiral symmetry breaking effect in   AdS/QCD 
depends on weighted z2 distribution, not 
constant condensate

• z2 weighting consistent with higher Fock states 
at periphery of hadron wavefunction

• mass shift depends on hadron size, etc.

• AdS/QCD: confined condensate

• Consistent with “In-Hadron” Condensates

�M2 = �2mq < ⇤̄⇤ > ⇥
�

dz ⇥2(z)z2

 Shrock, Roberts, Tandy, sjb

Chiral Symmetry Breaking in AdS/QCD 

Erlich et 
al.
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Use Dyson-Schwinger Equation for bound-state quark propagator:  
find confined condensate 

g

q
b̄

k >
1

�QCD

� < �QCD

Confinement: Maximum wavelength of 
bound quarks and gluons

                         
B-Meson  

< b̄|q̄q|b̄ > not < 0|q̄q|0 >

Shrock, sjb
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• Bound-State Dyson-Schwinger Equations 

• Spontaneous Chiral Symmetry Breaking within  infinite-component 
LFWFs

• Finite size phase transition - infinite # Fock constituents

• AdS/QCD Description -- CSB is in-hadron Effect

• Analogous to finite-size superconductor!

• Phase change observed at RHIC within a single-nucleus-nucleus 
collisions-- quark gluon plasma!

• Implications for cosmological constant 

“Confined  QCD Condensates” 

Casher Susskind

Maris, Roberts, Tandy

Quark and Gluon condensates reside within 

hadrons, not LF vacuum 
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Pion mass and decay constant.
Pieter Maris, Craig D. Roberts (Argonne, PHY) , Peter C. Tandy (Kent State U.) . ANL-PHY-8753-TH-97, 
KSUCNR-103-97, Jul 1997. 12pp. 
Published in Phys.Lett.B420:267-273,1998. 
e-Print: nucl-th/9707003

Pi- and K meson Bethe-Salpeter amplitudes.
Pieter Maris, Craig D. Roberts (Argonne, PHY) . ANL-PHY-8788-TH-97, Aug 1997. 34pp. 
Published in Phys.Rev.C56:3369-3383,1997. 
e-Print: nucl-th/9708029

Concerning the quark condensate.
K. Langfeld (Tubingen U.) , H. Markum (Vienna, Tech. U.) , R. Pullirsch (Regensburg U.) , C.D. Roberts (Argonne, 
PHY & Rostock U.) , S.M. Schmidt (Tubingen U. & HGF, Bonn) . ANL-PHY-10460-TH-2002, MPG-VT-UR-239-02, 
Jan 2003. 7pp. 
Published in Phys.Rev.C67:065206,2003. 
e-Print: nucl-th/0301024

In-meson condensate: pion case . . . . . . . . . . . . . . . . . 14 April 2009

Present: P.O. Bowman, S.J. Brodsky, C.D. Roberts and P.C Tandy.

Reference [1] . . . P. Maris, C. D. Roberts and P. C. Tandy, “Pion mass and decay constant,”
Phys. Lett. B 420 (1998) 267; [arXiv:nucl-th/9707003].

Equation (29) in Ref. [1] is the statement

lim
m̂�0

⌅0|q̄�5q|⌅⇧ = � 1
f0

⌅
⌅q̄q⇧0� , (1)

where m̂ is the renormalisation-point-invariant current-quark mass and the superscript “0”
denotes a quantity’s value in the chiral limit. In Eq. (1):

⌅0|q̄�5q|⌅⇧ = Z4(⇥, ⇥)Nc trD
⇥ � d4q

(2⌅)4
�5S(q + P/2)�⌅(q;P )S(q � P/2), (2)

where

•
� � is a Poincaré covariant regularisation of the integral, with ⇥ the regularisation scale;

• ⇥ is the renormalisation point;

• Z4(⇥, ⇥) is the Lagrangian mass-term renormalisation constant, which ensures the right-
hand-side of Eq. (1) is gauge-invariant and cuto⇤-independent;

• S(q) is the dressed-quark propagator, evaluated at the renormalisation scale ⇥;

• and �(q;P ) is the fully-amputated pseudoscalar-meson Bethe-Salpeter amplitude, which
has the general form

�⌅(q;P ) = �5[iE⌅(q;P ) + � · PF⌅(q;P ) + � · qq · PG⌅(q; p) + ⇧µ⇤qµP⇤H⌅(q;P )] (3)

Furthermore,

Pµ f⌅ = Z2(⇥, ⇥)Nc trD
⇥ � d4q

(2⌅)4
�5�µS(q + P/2)�⌅(q;P )S(q � P/2), (4)

�⌅q̄q⇧0� = Z4(⇥, ⇥)Nc trD
⇥ � d4q

(2⌅)4
S0(q) . (5)

Reference [2] . . . P. Maris and C. D. Roberts, “⌅ and K meson Bethe-Salpeter amplitudes,”
Phys. Rev. C 56 (1997) 3369; [arXiv:nucl-th/9708029].

Equation (47) in Ref. [2] defines the in-meson condensate:

� ⌅q̄q⇧⌅� = f⌅⌅0|q̄�5q|⌅⇧ . (6)

A crucial step on the way to proving Eq. (1) herein is a relation of the Goldberger-Treiman type;
viz., in the chiral limit

E⌅(q;P = 0) =
B0(q2)

f0
⌅

, (7)

where B(q2) is the dressed-quark mass function in the chiral limit. This is Eq. (10) of Ref. [1].

1

“In-Meson Condensate”
Valid even for mq � 0

f� nonzero
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Is there evidence for a gluon vacuum condensate?

Look for higher-twist correction to current propagator 

e+e� ! X, ⌧ decay, Q ¯Q phenomenology

�⇤ �⇤

X X
Shifman, Vainshtein, Zakharov

< 0|↵s

⇡
Gµ⌫(0)Gµ⌫(0)|0 >

Re+e�(s) = Nc

X

q

e2
q(1 +

↵s

⇡

⇤4
QCD

s2
+ · · · )

q

q̄
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Determinations of  the vacuum Gluon Condensate
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Figure 4: a): MS mass found from experimental moments Mn(Q2
n) for different n and Q2

n

determined by the equation M̄ (1)
n (Q2

n) = 0 for different values of the gluon condensate. The
shaded area shows the experimental error for

〈

αs

π G2
〉

= 0, for nonzero condensates only the
central lines are shown. b): m̄(m̄2) in GeV vs

〈

αs

π G2
〉

in GeV4 determined from n = 10 and
Q2 = 0.98 × 4m̄2. The αs is taken at the scale (41).

other experiments. In particular, as boundary condition in the RG equation (12) we put:

αs(m
2
τ ) = 0.330 ± 0.025 , mτ = 1.777 GeV (40)

found from hadronic τ -decay analysis [19] at the τ -mass in agreement with other data [20].
Another question is the choice of the scale µ2, at which αs should be taken. Since the

higher order perturbative corrections are not known, the moments Mn(Q2) will depend on
this scale. In the massless limit the most natural choice is µ2 = Q2. On the other hand
for massive quarks and Q2 = 0 the scale is usually taken µ2 ∼ m2. So we choose the
interpolation formula:

µ2 = Q2 + m̄2 (41)

At this scale αs is smaller than at µ2 = m̄2 for the price of larger M̄ (2)
n according to (39).

(Notice, that in the Tables in the Appendix as well as in the Fig 2 the ratio M̄ (2)/M̄ (0) is
given at the scale µ2 = m̄2.) Sometimes we will vary the coefficient before m̄2 (41) to test
the dependence of the results on the scale.

The sum rules for low order moments Mn(Q2), n ≤ 3 cannot be used because of large
contribution of high excited states and continuum as well as large α2

s corrections (see the
Tables in Appendix), especially at Q2 = 0. As the Fig 3 demonstrates, at n ≥ 4 the αs

correction to the gluon condensate is large at Q2 = 0. The 〈G3〉 condensate contribution is
also large (see below), which demonstrates, that the operator product expansion is divergent
here. For these reasons we will avoid using the sum rules at small Q2.

As the Fig 2 shows, the first correction to the moments M̄ (1)
n (Q2) vanishes along the

diagonal line, approximately parametrized by the equation Q2/(4m̄2) = n/5−1. The second-
order correction M̄ (2) and the correction to the condensate contribution M̄ (G,1) are also

12

< 0|�s
⇥ G2|0 > [GeV4]

+0.009± 0.007 from charmonium sum rules
+0.006± 0.012 from � decay.

Ioffe, Zyablyuk

Geshkenbein, Ioffe, Zyablyuk

Davier et al.�0.005± 0.003 from � decay.

Consistent with zero 
vacuum condensate
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Effective Confinement potential from soft-wall AdS/QCD gives  Regge 
Spectroscopy plus higher-twist correction to current propagator 

e+e� ! X, ⌧ decay, Q ¯Q phenomenology

�⇤ �⇤

Re+e�(s) = Nc

X

q

e2
q(1 + O4

s2
+ · · · )

q

q̄

mimics dimension-4 gluon condensate                                           in 

light-quark meson spectra

 ' 0.5 GeV

< 0|↵s

⇡
Gµ⌫(0)Gµ⌫(0)|0 >

M2 = 42(n + L + S/2)
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Casher and Susskind Maris, Roberts, Tandy Shrock and sjb 

133

Quark and Gluon condensates reside 

within hadrons, not vacuum 

• Bound-State Dyson Schwinger Equations 

• AdS/QCD

• Implications for cosmological constant --                      
Eliminates  45 orders of magnitude conflict
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• As Simple as Schrödinger Theory in Atomic Physics

• Relativistic, Frame-Independent, Color-Confining

• QCD Coupling at all scales

• Hadron Spectroscopy

• Light-Front Wavefunctions

• Form Factors, Hadronic Observables, Constituent 
Counting Rules

• Insight into QCD Condensates

• Systematically improvable

Goal: An analytic first approximation to QCD
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String Theory

AdS/CFT

Semi-Classical QCD / Wave Equations

Mapping of  Poincare’ and Conformal 
SO(4,2) symmetries of 3+1 space 

to  AdS5 space

Integrable!

Boost Invariant 3+1 Light-Front Wave Equations

Hadron Spectra, Wavefunctions, Dynamics

AdS/QCD

Conformal behavior at short distances
+ Confinement at large distance

Counting rules for Hard Exclusive 
Scattering

Regge Trajectories

Holography

Integrable! J =0,1,1/2,3/2 plus L

Goal: First Approximant to QCD

QCD at the Amplitude Level
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Features of  AdS/QCD LF Holography

• Based on Conformal Scaling of Infrared QCD Fixed Point

• Conformal template: Use isometries of AdS5

• Interpolating operator of hadrons based on twist, superfield dimensions

• Finite Nc = 3: Baryons built on 3 quarks -- Large Nc limit not required

• Break Conformal symmetry with dilaton

• Dilaton introduces confinement -- positive exponent for spacelike observables

• Origin of Linear and HO potentials: Stochastic arguments (Glazek); General  
‘classical’ potential  for Dirac Equation (Hoyer)

• Effective Charge from AdS/QCD at all scales

• Conformal Dimensional Counting Rules for Hard Exclusive Processes

• Use CRF (LF Constituent Rest Frame) to reconstruct 3D Image of Hadrons 
(Glazek, de Teramond, sjb)
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Use AdS/CFT orthonormal Light Front Wavefunctions
as a basis for diagonalizing the QCD LF Hamiltonian

• Good initial approximation

• Better than plane wave basis

• DLCQ discretization -- highly successful 1+1

• Use independent HO LFWFs, remove CM motion

• Similar to Shell Model calculations

• Hamiltonian light-front field theory within an AdS/QCD basis. 
J.P. Vary, H. Honkanen, Jun Li, P. Maris, A. Harindranath,                                             

G.F. de Teramond, P. Sternberg, E.G. Ng, C. Yang, sjb
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AdS/QCD and Light-Front Holography 

• Hadrons are composites of quark and anti-quark 
constituents

• Explicit gluons absent!

• Higher Fock states with extra quark/anti-quark pairs 
created by confining potential

• Dominance of Quark Interchange in Hard Exclusive 
Reactions

• Short-distance behavior matches twist of 
interpolating operator at short distance -- guarantees 
dimensional counting rules -- 
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Basis functions

HO basis for transverse momentum states:

Φn,m(p⊥) = Φn,m(ρ, φ) =
√

2π
1

b

s

2n!

(|m| + n)!
eimφρ|m|e−ρ2/2L|m|

n (ρ2),

with

ρ =
|p⊥|

b
, b =

p

M0Ω

Discretize longitudinal momentum:

ψk(x−) =
1

√
2L

ei π

L
k x−

,

k =

8

>

>

<

>

>

:

k = 1, 2, 3, . . . (periodic boundary condition for bosons),

k = 1
2 , 3

2 , . . . (antiperiodic boundary condition for fermions)

Full 3-D:

Ψk,n,m(x−, ρ, φ) = ψk(x−)Φn,m(ρ, φ). (1)

2-D harmonic trap with the basis function scale

Heli Honkanen Light Cone 2010 5

Electron in a transverse harmonic cavity

Authors:

Heli Honkanen, Jun Li, Pieter Maris, James Vary (Iowa State University)

Stan Brodsky (SLAC National Accelerator Laboratory, Stanford University)

Avaroth Harindranath (Saha Institute of Nuclear Physics, 1/AF, Bidhannagar,

Kolkata, India)

Guy de Teramond (Universidad de Costa Rica, San José, Costa Rica)

Heli Honkanen Light Cone 2010 1
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Set of transverse 2D HO modes for n = 1
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Heli Honkanen Light Cone 2010 6
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Features of  AdS/QCD LF Holography

• Based on Conformal Scaling of Infrared QCD Fixed Point

• Conformal template: Use isometries of AdS5

• Interpolating operator of hadrons based on twist, superfield 
dimensions

• Finite Nc = 3: Baryons built on 3 quarks -- Large Nc limit not 
required

• Break Conformal symmetry with dilaton

• Dilaton introduces confinement -- positive exponent

• Origin of Linear and HO potentials: Stochastic arguments 
(Glazek); General  ‘classical’ potential  for Dirac Equation (Hoyer)

• Effective Charge from AdS/QCD at all scales

• Conformal Dimensional Counting Rules for Hard Exclusive 
Processes



Features of Soft-Wall AdS/QCD

• Single-variable frame-independent radial Schrodinger equation

• Massless pion (mq =0)

• Regge Trajectories: universal slope in  n and L

• Valid for all integer J & S.   

• Dimensional Counting Rules for Hard Exclusive Processes

• Phenomenology: Space-like and Time-like Form Factors

• LF Holography: LFWFs;  broad distribution amplitude

• Large Nc limit not required

• Add quark masses to LF kinetic energy

• Systematically  improvable -- diagonalize HLF on AdS basis
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• Boost Invariant

• Trivial LF vacuum.

• Massless Pion

• Hadron Eigenstates have LF Fock components of different Lz

• Proton: equal probability

• Self-Dual Massive Eigenstates: Proton is its own chiral partner.

• Label State by minimum L as in Atomic Physics

• Minimum L dominates at short distances               

• AdS/QCD Dictionary: Match to Interpolating Operator Twist at z=0.

Chiral Features of Soft-Wall 
AdS/QCD Model
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Sz = +1/2, Lz = 0;Sz = �1/2, Lz = +1

Jz = +1/2 :< Lz >= 1/2, < Sz
q = 0 >

Proton spin 
carried by quark angular momentum!
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soft wall
confining potential:

Light-Front Holography: 
Map AdS/CFT  to  3+1 LF Theory
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Relativistic LF radial equation

G. de Teramond, sjb 
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Frame Independent
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U(⇣) = 4⇣2 + 22(L + S � 1)

[� d2

d⇣2
+

4L2 � 1
⇣2

+ U(⇣, S, L)]  LF (⇣) = M2  LF (⇣)4
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Light-Front Schrödinger Equation�
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Relativistic LF single-variable 
radial equation for QCD & QED

G. de Teramond, sjb 
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Frame Independent!
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Complex eigenvalues for excited states n>0
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number of coupled integral eigenvalue equations, 

- - 

where V is the interaction part of HLC. Diagrammatically, V involves completely 

irreducible interactions--i.e. diagrams having no internal propagators-coupling 

Fock states (Fig. 5). These equations determine the hadronic spectrum and 

xJ= 
: 3 II 

- - 
0 
. . . 

. 

I- . 
1 II 

0 l . . f 

- - IL 7 - - . . . . . . 
Figure 5. Coupled eigenvalue equations for the light-cone wa.vefunctious of a 

pion. 

wave functions. Although the potential is essentially trivial, the many channels 

required to describe an hadronic state make these equations very difficult to solve. 

Nevertheless the first attempts at a direct solution have been made. 

The bulk of the probability for a nonrelativistic system is in a single Fock 

state-e.g. (eE> for positronium, or Ibb) for the r meson. For such systems it 

is useful to replace the full set of multi-channel eigenvalue equations by a single 

equation for the dominant wavefunction. To see how this can be done, note that 

the bound state equation, say for positronium, can be rewritten as two equations 

using the projection operator P onto the subspace spanned by eE states, and its 

complement & E 1 - P: 

Hpp IPs)~ + HPQ IPs)~ = h4” IPs)p 

(29) 

H&p [Ps)~ + HQQ jP& = hf” h)g 

where H~Q E PHQ.. ., and lPsjp E P jPs) . . . . Solving the second of these 

equations for IPs)~ and substituting the result into the first equation, we obtain 

a single equation for the ee or valence part of the positronium state: 

Her [Ps)~ = Al2 IPS)P (30) 
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LIGHT-FRONT SCHRODINGER EQUATION

G.P. Lepage, sjbA+ = 0

⇥� ggg � d̄X

⇥� ggg � p̄n̄X

R = �(⇥�d̄X)
�(⇥�p̄n̄X)

R = C

ū(x) ⇥= d̄(x)

s̄(x) ⇥= s(x)

Direct connection to QCD Lagrangian

Systematically eliminate non-valence Fock states;  
project to a single radial variable



 

Light-front QCD Hamiltonian

Fock vacuum |0〉 eigenstate of the full Hamiltonian

Time dilatation
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γνT bAb
νΨ

”

, instantaneous fermion interaction

where

Jµ
a = Ψ̄γµTaΨχµ

a + fabc∂µAν
b Aν .

Add non-perturbative term: Model confinement by working in the cavity

mode

Heli Honkanen Light Cone 2010 4
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• Test QCD to maximum precision

• High precision determination of               at all scales

• Relate observable to observable --no scheme or scale 
ambiguity

• Eliminate renormalization scale ambiguity in a 
scheme-independent manner

• Relate renormalization schemes without ambiguity

• Maximize sensitivity to new physics at the colliders 

↵s(Q2)

Goals
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Principle of Maximum Conformality
Xing-Gang Wu 

Leonardo  di Giustino, SJB

Shift scale of αs to µPMC
R to eliminate {βR

i }− terms

Conformal Series

Choose renormalization scheme; e.g. αR
s (µ

init
R )

Choose µinit
R ; arbitrary initial renormalization scale

Identify {βR
i }− terms using nf − terms

through the PMC −BLM correspondence principle

Result is independent of µinit
R and scheme at fixed order

No renormalization scale ambiguity

Result is independent of 
Renormalization scheme 

and initial scale

Apply to Evolution kernels, 
hard subprocesses

Eliminates unnecessary systematic 
uncertainty

PMC/BLM

Need to set multiple renormalization scales -- 
Lensing, DGLAP, ERBL Evolution ...
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Eliminating the Renormalization Scale Ambiguity for Top-Pair Production 
Using the Principle of Maximum Conformality

Xing-Gang Wu 
 SJB

tt̄ asymmetry predicted by pQCD NNLO within
1 � of CDF/D0 measurements using PMC/BLM scale setting

Conventional: guess 
renormalization scale and range

Experimental asymmetry

PMC Prediction

Xing-Gang Wu 
Leonardo  di Giustino, SJB



 

RGE and LF Hamiltonians: 
Glazek & Wilson 

DLCQ: 
Hornbostel, Pauli, & SJB

Pinsky, Hiller
 

LFWFs and Exclusive QCD: 
Lepage and SJB, Efremov, Radyushkin

Renormalization of HLF

Hiller, Chabysheva, Pauli, Pinsky, McCartor, Suaya, SJB

Rotation Invariance, Regularization
Karmanov, Mathiot

LF Quantization 
Bjorken, Kogut, Soper, Susskind, Srivastava, SJB

Zero-Modes: Standard Model
Srivastava, sjb 151
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Novel Features of Hadron Dynamics and Light-Front Holography


